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RAMIFICATION OF WEAK ARTHUR PACKETS FOR p-ADIC
GROUPS

MAXIM GUREVICH AND EMILE OKADA

ABSTRACT. Weak Arthur packets have long been instrumental in the study of the unitary
dual and automorphic spectrum of reductive Lie groups, and were recently introduced in
the p-adic setting by Ciubotaru—Mason-Brown—Okada.

For split odd orthogonal and symplectic p-adic groups, we explicitly determine the
decomposition of weak Arthur packets into Arthur packets that arise from endoscopic
transfer. We establish a characterization of the Arthur packets that partake in such
decompositions by means of ramification properties of their constituents.

A notion of weak sphericity for an irreducible representation is introduced: The prop-
erty of containing fixed vectors with respect to a (not necessarily hyperspecial) maximal
compact subgroup. We show that this property determines the weak Arthur packets in a
precise sense.

As steps towards this description, we explore alignments between Langlands-type re-
ciprocities for finite and p-adic groups, and their dependence on the geometry of the
unipotent locus of the dual Langlands group.

Weak sphericity is shown to match with Lusztig’s canonical quotient spaces that feature
in the geometric theory for Weyl group representations, while the fine composition of weak
Arthur packets is found to be governed by the partition of the unipotent locus into special
pieces.
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1. INTRODUCTION

Weak Arthur packets, as defined via microlocal invariants as opposed to endoscopic
transfer, were first studied in M] under the guise of special unipotent representations.
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These packets formed the basis of their investigation of the automorphic part of the unitary
spectrum of complex reductive groups.

Later introduced into the representation theory of real reductive Lie groups in [ABV92,
Section 13], weak Arthur packets decompose into unipotent Arthur packets, forming the
building blocks of the Adams-Barbasch—Vogan conjectural description of the automorphic
spectrum.

Given a reductive group G, selecting a unipotent conjugacy class OV in its complex
Langlands dual group determines a corresponding unipotent infinitesimal character yov
for G-representations. In brief, the weak Arthur packet consists of the irreducible G-
representations whose Gelfand-Kirillov dimension is minimal among those admitting yov
as their infinitesimal character.

Our work deals with the composition of the analogous notion for reductive p-adic groups
of classical type.

Let F' be a non-Archimedean local field of characteristic 0, with a large enough residue
characteristic (see Section ). Let G be an F-split symplectic or special odd orthogonal
group. Its Langlands dual group is the complex reductive group

QY = Sp2n ) if G = SO2n+1(F)
| SOgu41 , if G = Spy,(F)

Let UY denote the finite set of unipotent conjugacy classes in GY(C).
We fix s = 1 for the case of symplectic GG, and s = —1 for an odd orthogonal G.

1.1. What are weak Arthur packets for G ? The theory of local Arthur packets
[Art13] attaches to each A-parameter i» € ¥(G) a finite subset pr‘ of Irr(G), the collection
of isomorphism classes of irreducible smooth complex G-representations.

We recall that A-parameters for the group G may be viewed as GY(C)-conjugation
classes of continuous group homomorphisms

¥ Wp x SLa(C) x SLy(C) — GY(C)

whose restriction to SLy(C) x SLy(C) is algebraic, while (W) is bounded and consists of
semisimple elements. Here, Wr is the Weil group of the local field F'.

The local Langlands reciprocity attaches an infinitesimal character x. to each represen-
tation 7 € Irr(G). This is a GY(C)-conjugation class of a homomorphism

Xr - WF — GV(C) .

We write Irr, (G) C Irr(G) for irreducible representations 7 admitting x. = x.

A known property of local Arthur packets is that representations within a single packet
share a common infinitesimal character. In other words, for each ¢ € ¥(G) a map xy
exists, so that II;) C Irr (G).

One distinguished family in W(G) are the basic unipotent A-parameters, defined to be
those whose restriction to the Weil-Deligne group Wr x SLy(C) is trivial.

Basic unipotent A-parameters are visibly in bijection with algebraic homomorphisms
SLy — GV, and thus, by the Jacobson-Morozov theorem, are indexed by the classes in U/V:

{vovoveur € U(G).
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To each class OV € UV we write the asssociated basic unipotent Arthur packet
[Mov := Hﬁov C Irr(G) ,

and its infinitesimal character as xyov := Xy, -

A basic unipotent Arthur packet Ilpv consists of all anti-tempered (that is, Aubert-dual
to tempered) representations in Irr, ., (G).

Since special odd orthogonal groups are not simply connected and admit a non-trivial
complex character, a curious complexity appears in our study of that case. Considering
that quadratic unramified character kg of G that arises from the spinor norm, we write, in
the orthogonal case, ko ® IT C Irr(G) for the set of representations obtained by ro-twisting
of a given set II C Irr(G).

We say that the resulting Arthur packet

H—I,OV = Ko & HOV

is quasi-basic unipotent, and record its infinitesimal character as x_1 ov.

We also mark II; pv = Ilpv and x;,0v = xov in all cases.

The second ingredient needed for the definition of weak Arthur packets is the Gelfand-
Kirillov dimension of an irreducible representation. As commonly done in the p-adic setting,
we extract this invariant out of the finer concept of the algebraic wavefront set.

Let NF be the set of nilpotent Ad(G)-orbits in the Lie algebra Lie(G).

Briefly, the logarithm of the Harish-Chandra-Howe character [Har99] of a representation
7 € Irr(G) gives a distribution around 0 € Lie(G), which is expanded as a linear combina-
tion Yy p, Co(m)fio of Fourier transforms of nilpotent orbital integrals {7io}oens -

The Gelfand-Kirillov dimension of m € Irr(G) is then set to be

GKdim(7) = max {% dim(0) : O € Np, co(r) # O} :

where dim(Q) is the Zariski dimension of the orbit as an algebraic variety.

Definition 1.1.1 (Based on |[CMO23a]). For a unipotent conjugacy class OV € UY and
a sign z € {1} (z = 1, when G is symplectic), its associated weak Arthur packet is
constructed as

Y v = {7? €Iy (G) : GKdim(m) < GKdim(o), for all o € Ity (G)} .

It was proved in [CMO23a] that an inclusion II; ov C IIY v holds, for all OY € U".

A follow-up conjecture [CMO23a, Conjecture 3.1.2] was raised, whose claim is that in
a natural analogy with the Lie groups case, each weak Arthur packet II{',, is a union of
Arthur packets.

This conjecture, for the case of the classical groups in hand, is resolved as a consequence
of our Theorem [B], and also through a parallel work of |[LL23].
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1.2. The ’Arthur-closure’ of the weakly spherical spectrum. Our main result phrases
a new characterization of weak Arthur packets in terms of ramification properties of irre-
ducible representations.

Let us note that basic unipotent infinitesimal characters {x. ov}oveuv —+1 are unram-
ified homomorphisms, that is, they are trivial on the inertia subgroup Ir < Wg. In
particular, that designates the representations in Il"l"xz, ov(G) as unipotent in the sense of
Lusztig |[Lus95].

For each OV € U and a possible sign z = +1, that also means that a choice of a
hyperspecial open compact subgroup Ky < G gives rise to a unique spherical representation
0z0v € Irry ov(G), that is, a representation possessing a non-zero Ky-invariant vector.
Indeed, the semisimple conjugacy class of the element s, ov = X, 0v(Fr) € GY(C), Fr € Wp
being a choice of a Frobenius element, is the Satake parameter that determines ¢, ov.

It is known [Moeg094, Proposition 6.4] that II, ov is the unique (spherical) Arthur packet
containing the irreducible spherical representation 6, ov.

We now formulate a characterization of weak Arthur packets further extending this
phenomenon.

Definition 1.2.1. A representation © € Irr(G) is weakly spherical, when a (any) mazimal
open compact subgroup K < G exists, for which m possesses a non-zero K -invariant vector.

Although literature typically emphasizes the hyperspecial case, due to its role in the
automorphic context, the groups G under consideration admit a finite sequence of non-
conjugate maximal compact subgroups that are conveniently classified using the Iwahori-
Matsumoto theory [IM65].

Let Hngv C Ilpv be the subset of weakly spherical representations in the spherical
Arthur pécket. Hence, we are given a chain of containments

(1) 000 € P35, CILov CT1Y0y .
Recalling the overlapping nature of Arthur packets, the following definition is meaningful.

Definition 1.2.2. Let OV € UY be a unipotent conjugacy class, and z € {1} be a sign
(z =1, when G is symplectic).

An A-parameter ¢ € V(G) with infinitesimal character xy = X.ov, and its associated
Arthur packet 11, C Irry (G), are said to be weakly spherical (or, 1-weakly spherical),
whenever

M, NP5, # 0
holds.

In the orthogonal case, the A-parameter 1 and Arthur packet 11, are said to be —1-weakly
spherical, whenever the Arthur packet ko ® Il C Irry (GQ) is weakly spherical.

In essence, we say that an Arthur packet is weakly spherical when it admits a quasi-
basic unipotent infinitesimal character, and contains an anti-tempered weakly spherical
representation.

We are now ready to state the main result.
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Theorem A. (1) Let v € Y(G) be an A-parameter with infinitesimal character x, =
Xz0v, for a conjugacy class OV € UY, and a sign z € {£1}.
Then, 1 is zsq-weakly spherical, if and only if, an inclusion of packets

A
MM C MY,

holds.

(2) For each conjugacy class OV € UV, the weak Arthur packet I1¥ o consists of the
union of all zsg-weakly spherical Arthur packets admitting the infinitesimal char-
acter x.,ov.

In particular, it follows that all constituents of weak Arthur packets are unitarizable
representations.

The result of Theorem [Al naturally prompts the question of whether a comparable def-
inition of weak Arthur packets for broader families of infinitesimal characters could be
characterized through similar ramification properties. Progress in this area should be
coupled with further advancement in connecting wavefront invariants with the Langlands
reciprocity.

Our path towards the proof of Theorem [A] passes through two preparatory tasks of
standalone interest.

One is an explicit description of representations inside weak Arthur packets in terms of
A-parameters and the Langlands reciprocity.

The other is an explicit description of the anti-tempered weakly spherical representations
of H?;}jov in terms of an enhanced Langlands parameterization.

1.3. Constituents of weak Arthur packets. An explicit decomposition of weak Arthur
packets will be given in terms of the geometry of the unipotent locus of GY(C).

For a class OV € UY, let us denote as OV C UV the set of conjugacy classes contained in
the the topological closure of OY.

A prominent subset of conjugacy classes U, € U" are known as the special unipotent
classes, as introduced in |Lus84h, §13.1.1]

Pivoting around this concept, for any OV € U we define its relative special piece as

Spc(OY) = OV — U ovcu.
O EUspe : OV OV €OV
Those sets, in our case of groups of classical type, are always of power-of-2 cardinality,
while their inherited topological partial orders are of a hypercube lattice form.
The resulting disjoint division

U’ = |_| Spc(0Y)

OVely,.

of the unipotent locus into its special pieces has been thoroughly studied in the context of
perverse sheaves and singularity theory by [Lus81la; Spa82; [KP89; [FJL.S24]. In particular,
explicit combinatorial descriptions of the special pieces for classical groups in terms of the
standard parameterization of U by partitions trace back to [KP89].
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For an effective description of weak Arthur packets we now need to recall further de-
tails of the local Langlands reciprocity. Indeed, we take this reciprocity as an established
consequence of the Arthur theory for classical groups.

The reciprocity provides a map 7 +— ¢(7) from Irr(G) onto ®(G), the collection of L-
parameters for the group GG. Each fiber of the reciprocity map over a given L-parameter
¢ € ®(G) is known as an L-packet

Iy C Irry, (G) .

Here, in similarity with Arthur packets, x, is the infinitesimal character shared by all
constituents of II,.

An L-parameter may be viewed as the GY(C)-conjugation class of a continuous group
homomorphism

¢ : Wi x SLy(C) — GY(C)

whose restriction to SLy(C) is algebraic, while ¢(Wr) consists of semisimple elements.
For ¢ € ®(G), we take note of the unipotent element

%:¢(LG D)e@%@,

and write Of € U" for the conjugacy class containing ug.

This invariant is of high relevance for our discussion as, for example, exhibited by the
main result of [CMO23b]. The latter states (Theorem 2.3.5) that for certain L-parameters
¢ € ®(G) (i.e. having an unramified and real x,), the algebraic wavefront sets of all
representations Aubert-dual to consituents of I1; are determined by OF through means of
Barbasch—Vogan—Lusztig—Spaltenstein duality.

Finally, we recall that the collection of A-parameters is naturally embedded ¥(G) —
®(G), ¥ — ¢y, into the collection of L-parameters, as a sub-collection that is often regarded
as L-parameters of Arthur-type. In this setup, an inclusion Il C Hf/}‘ of packets holds, for
all Y € U(G).

Proposition 1.3.1. For any Of € U and Oy € Spc(OY), and a possible sign z € {£1}
there is a unique L-parameter ¢ = ¢, ov.oy € ®(G) which satisfies xy = Xz0y and Of =

5, and it is of Arthur-type.

While L-packets may not be well-behaved with respect to the Aubert involution 7 +— 7t
on Irr(G), Arthur packets are better situated. This is arithmetically manifested in the
involution ¢ — ' on ¥(G) given by a transposition of the pair of SLs(C) components of
the parameter (see |Ato22, Theorem 1.6]).

Considering any L-parameter ¢ = ¢, ov,0y = ¢y of the form stated in Proposition [.3.1]
with corresponding ¢ = 1, ov oy € ¥(G), we denote the Arthur packet associated with its
transposed parameter as

(2) L oy oy = Hﬁt C Ity v (G) .
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In particular, we see that for any OV € (", 'QD;O\/’(Q\/ = 1, ov is the quasi-basic unipotent
parameter, while II, ov ov = II, ov is the associated anti-tempered, or spherical, Arthur
packet.

Theorem B. For any unipotent conjugacy class OV € UY and a sign z € {1}, we have
(1) a decomposition into a (disjoint) union of L-packets

( Z},Ov)t = |_| H¢Z,OV,01V Y
O1VeSpe(OV)
where (1Y v )' = {7" : @ € Y v} is the Aubert duality image of the weak Arthur
packet.
(2) a (non-disjoint) decomposition into a union of local Arthur packets
ZO\/ - U Hz7o\/7(91\/ .
OVeSpc(OV)

As mentioned, Theorem [B] should be compared with the parallel work in |[LL23] and
could be viewed as its explication.

1.4. Weakly spherical constituents of the spherical Arthur packet. Another aspect
of this study describes the location of weakly spherical representations within the spherical
Arthur packet II, ov and the characterization of all additional Arthur packets that may
contain these representations.

While essential for the proof of Theorem [A] it is also notable that our findings (Section
M) relate this problem with the Springer correspondence for the (finite) Weyl group W of
GY.

Each conjugacy class OY € UY comes equipped with a component group A(OY) =
Z(u)/Z(u)°, that is, the group of connected components of the centralizer subgroup Z(u) <
GY(C) of a representative u € OV. -

It is a finite 2-group, whose character group A(QV) parameterizes constituents of the
Arthur packet IIpv. That is the scope of the enhanced Langlands reciprocity, that may be
constructed through two distinct, yet interplaying, approaches.

The first is inherent in the design of Arthur’s theory for classical groups, which produces
local Arthur packets by means of endoscopic transfer. Pending a choice of a Whittaker
datum for GG, a parameterization

(3) ILov = {5(z, OVe) : ec A(OV)O}

for the anti-tempered Arthur packet is canonically assigned, where A(OY), < A(OV) is
a specified subgroup (of index 1 or 2).

Here, the trivial character € = trv would give the aforementioned spherical representation
3z, 0, trv) =0, 0v €I, ov.

A second approach traces back to the Kazhdan-Lusztig [KL87]| geometric construction of
the irreducible spectrum of affine Hecke algebras, which established Langlands reciprocity
for G-representations in the principal Bernstein block.
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Lusztig in [Lus95], using further geometric methods, later gave a parameterisation for
all unipotent representations in Irr(G), providing further means for reinterpreting the pa-
rameterization in (3)).

The issue of matching between Lusztig’s and Arthur’s parameterizations of the enhanced
(unipotent) Langlands reciprocity was treated in [Wall9b] for the case of odd orthogonal
groups, via pinning of endoscopic identities.

In our analysis we rely on Assumption for a similar expected match in the sym-
plectic case, which remains to be clarified due to an apparent gap in existing literature.

1.4.1. The Springer leap. The geometric point of view brings this discussion nearer to the

role of the group A(OV) as irreducible local systems on the variety OV.

This is the perspective of the Springer correspondence. It attaches to each irreducible
(complex) W-representation, a pair (OY, ¢,), consisting of a conjugacy class OY € U" and
an irreducible local system €, € A(OY) on it.

From a separate angle Lusztig provides in [Lus84b, Section 4.2] a division of the set of

isomorphism of irreducible Wg-representations into families

Irr(We) = |_|Il"l"c(WG) ;

according to the two-sided Kazhdan-Lusztig cell ¢ on which the representation is supported.

A part of Lusztig’s theory sets up a bijection between those cells and the set of special
orbits of U" via the Springer correspondence. Accordingly, for OV € UY, we write ¢(O")
for the cell associated with the special piece to which OV belongs.

Yet, detection of familial affiliations of representations in Irr(Wg) in terms of their
Springer parameters is a subtle issue.

To that aim the subsets

(4) AtV = {e € A(0Y) : Jo € Irqon (We) s.b. (O e,) = (OV,E)}

—

of the character groups A(OV) are defined.
It was shown by Achar-Sage [ASO8], that AT(OV) is in fact an explicitly described sub-
group, dual to what is known as Lusztig’s canonical quotient of the component group

A(OY),

1.4.2. Characterization of weak sphericity. Returning to our original question, we now
present an answer of similar nature in terms of the enhanced Langlands parameterization.

Theorem C. For any unipotent conjugacy class O € UV and a sign z € {+1}, the set of
anti-tempered zsg-weakly spherical representations in Irr,_ ., (G) is given as

Hj’gv ={6(z,0"¢) : e AT(OY)} ,
in terms of the parameterization of (3l).

It follows from the analysis of Achar-Sage that canonical group embeddings
Loy, oV - AT(OY) — AT(OV)
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exist, for any OV € YUY and any Oy € Spc(OY).
They are compatible with the partial order on &V, in the sense that

toy,ov © toy oy = toy,ov
holds, whenever Oy € Spc(0Y) and OF € Spc(OQY).

Definition 1.4.1. Given OV € U and OY € Spc(OV), we say that a character e € AT(OY)
is O -primitive, when there is no class O < OF < OV (in the topological partial order on
L{V) with € € Im(Loé/’ov).

The following theorem fully characterizes the set of Arthur packets that contain a given
weakly spherical anti-tempered representation that admits a quasi-basic infinitesimal char-
acter.

Theorem D. Let OV € UY be a unipotent conjugacy class, z € {£1} a possible sign, and
0= 5(2, OV, E) € HZ,OV

an anti-tempered zsg-weakly spherical representation (according to Theorem [d), parame-
terized by a character e € AT(OY).
Let IT = IIj) C Irr(G) be an Arthur packet, associated to an A-parameter ) € U(G).
Then, an inclusion 0 € 11 is valid, if and only if, I1 = 11, ov oy, for a class OY € Spc(OY),
for which € is O -primitive.

1.5. Example: Triangular partitions. One appealing family of examples for our anal-
ysis appears when considering the dual unipotent conjugacy class OV in SOy (11)+1(C)
that is indexed by the triangular partition (4k + 1,4k — 1,4k —3...,1), for k > 1.

—

A(07)y| = 4*

The spherical Arthur packet Ilov C Irt(Spyys41)(#7)) in this case contains

representations.

A total of |II§y| = |AT(OY)| = 2% out of them are weakly spherical. Those weakly
spherical representations can be found as consituents of a total of [Spc(OV)| = 2F distinct
weakly spherical Arthur packets.

Counting the union of those Arthur packets brings us to 5* distinct constituents of the
weak Arthur packet ITg, .

Let us also consider the case of G = Spg(F') in greater precision. Here, Oy is the
unipotent conjugacy class indexed by the partition (135) in the Langlands dual group
SOy (C).

Viewed as a representation of Wr x SLy(C) x SLy(C), the associated basic unipotent
A-parameter is given as

Yoy, = (1@ em)®(1oney) e (leon ),

where 14 is the k-dimensional irreducible SLy(C)-representation, while 1 denotes the trivial
representation of Wg.
The tempered Arthur packet II, Vs Vs is known to contain a supercuspidal representa-

tion 7. Indeed, in [Ato23, Section 3. 4] a total of 9 distinct Arthur packets were exhibited
to contain ..
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Since supercuspidal irreducible representations are self-Aubert-dual, one of those Arthur
packets is the anti-tempered packet Ilpy . In further detail, the packet has 4 constituents

_ { 50}/35 = 5( 1/35,_'_—’_ +)’ ™ = 5(01/35’_ _ _'_)7 }
m = 0(Olys, + = =), Mo =0(Ofhs, =+ ) [

including the spherical representation doy, .

Moy

135

The group of characters A@)o is identified with a subgroup of (Z/27Z)3, read as signs
attached to each part of the partition. The subgroup AT(OY;5) is of order 2, marking, by
Theorem [C|

sph
H = {50135’ ﬂ-l}

as the set of weakly spherical representatlons in Ioy,. .
Now, the relative special piece is given as Spc(Oyss) = {Ofss, OYye}. The additional
Arthur—type L-parameter

¢01v35’o¥44 = (1 ® Vl) D (q1/2 ® V4) D (q_1/2 ® V4) S (I)(G)
produces a singleton L-packet H%v ov = {7}, while the resulting weak Arthur packet

144
then consists of the 5 representations

w _ t
Ofss — HO}% U HO13 Olas — {5013 2 15 T2, Tse, T } )

The additional weakly spherical Arthur packet Ilpv._ov = {m, 7, 7'} is given by the

135144
A-parameter
breor, = (10 OM) & (10w o) € U(G) .

Indeed, the inclusion m; € Ilpy, oy, follows, by Theorem D, from Oy,-primitivity of

the element (— — 4) € AT(0OY;;), since A(OYy,), is a trivial group.

1.6. Methods. Theorem [Alis in fact an immediate corollary of the combination of Theo-
rems BlCl and

Each of these latter three results necessitates the application of distinct toolkits of re-
cently developed techniques, which we will now outline.

For Theorem Bl Gelfand—Kirillov dimensions of representations are extracted out of
the nilpotent orbits that comprise the algebraic wavefront invariant. Here, we utilize the
recent advancements in [CMO23b] that provide an explicit knowledge of these invariants
for certain cases of unipotent representations.

The proof of Theorem [D] hinges on techniques within the combinatorial theory of Arthur
packet intersections, as developed in recent years by Xu [Xu2l] and Atobe [Ato22; |Ato23].
For given tempered representations, whose parameters are associated with the Lusztig
canonical quotient, we apply this theory to exhaust all possible Arthur packets that may
contain a specified representation.

To that aim we recall the essentials of the theory of Moeglin parameters for Arthur
packets in Sections and B3] narrowing our focus to what we term near-tempered Arthur
packets in Section 3.4l This analysis suffices to complete the proofs of Theorems [Bl and
in Sections and [3.6], respectively.
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Theorem [Cl is tackled through categorical equivalences and deformation techniques, fa-
cilitating a direct reduction to the representation theory of finite Weyl groups. This is the
concern of the last three sections.

Section [l presents a full proof scheme for Theorem The main tools are the Borel-
Casselman equivalence between the category of Iwahori-spherical representations and the
module category of the Iwahori-Hecke algebra, and Iwahori and Matsumoto’s classification
of maximal compact subgroups.

Section [ elaborates on how the finite-dimensional module categories of Hecke algebras,
through the Kazhdan—Lusztig construction, provide the proof for the pivotal reduction,
Theorem [4.4.11

A critical aspect that arises is the fact that the convolution algebras attached to maximal
compact subgroups may lie in the class of extended (finite) Hecke algebras. To harness
the full strength of deformation techniques for computations of invariants, we reproduce,
in Section [5.2] the theory of Lusztig’s asymptotic algebras in the extended case.

Lastly, Section [0 delves into the representation theory of finite signed permutations
groups, that is, the Weyl groups of classical Lie type. Its goal is to prove Theorem [£.4.3]
the final ingredient in the proof of Theorem [Cl, which relates to the decomposition of (full)
Springer fibre representations into irreducible constituents.

Indeed, such decompositions, referred to as Green theory for their links with classical
Green functions, are typically challenging to access. Yet, recent advancements by Wald-
spurger [Wall9a] and La |La24] supply a novel algorithmic approach. We employ their
results to exhibit a link (Proposition [6.0.1]) between those Springer representations whose
parameterization is associated with Lusztig’s canonical quotient and a Weyl group analogue
of weak-sphericity.
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2. BACKGROUND

2.1. Classical p-adic groups. Repeating some notions, we fix F', a non-Archimedean
local field of characteristic 0. We write pr < Op < F for its ring of integers, and the
maximal ideal of the ring. The residue field O /pr is finite of size ¢ = p".

Let Ng > 3 be a fixed integer.

Throughout this work we will be concerned with the totally disconnected locally compact
group G = Gy, defined as the F-split special orthogonal group G = SOn,+1(F'), when
Ng is even, or (F-split) symplectic group G' = Spy,,_;(F), when Ng is odd.

We set

5 _{ —1 Ng is even

“7 11 Ngisodd
and write ng for the rank of the simple group G, that is, either Ng — s¢ = 2ng or
Ng—SG:2ng+1.

We assume that p > 6n for applications of results from [CMO23a] (Theorem mﬂ

The group G may be concretely realized as follows.

Consider a (Ng — sg)-dimensional F-vector space V', with a basis

617...,€nG,U7fnG7”'7f1ev’
when Ng is even, or
€15 s lng, fngs--n J1EV

when Ng is odd.
Let B be a bilinear form on V given as

Bles,e;) = B(fi, fj) =0, Bles, fj) = 6, B(fj,ei) = —sagdi; 1<14,j <ng,
(here, 6, ; is the Kronecker delta function), and
B(f;,v) = B(e;,v) = B(v,e;) = B(v, f;) =0, B(v,v)=1, 1<i,j<ng,

if defined.
The group G is then realized as the identity connected component of the isometry group
of the form B.

2.1.1. Weyl groups and compact subgroups. The above-designated Witt basis for the form
B gives rise to an integral O p-structure for V. The corresponding isometry group Gy, < G
of the D p-lattice constitutes a hyperspecial maximal compact subgroup of G.

It also gives rise to an (open compact) Iwahori subgroup I < Go,., that is defined as
the pullback of the subgroup of upper-triangular matrices through the resulting projection
GDF - GDF/ pr-

Let us consider the maximal F-torus T' < G of transformations that are diagonal with
respect to the Witt basis, and its integral form Ty, =T NGy, =1TN L.

IThe second author can confirm that not much effort was put into this bound and it is expected that
p > 2 will suffice.
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The (finite) Weyl group
We = N(G,T)/T
of G arises when taking a quotient of the normalizer subgroup of 7" in G.
The Iwahori-Weyl group of GG is defined as the quotient

Wg = N(G,T)/To, ,

clearly equipped with a projection p : W(/; — Wq.
The Iwahori decomposition [IM65, Theorem 2.16] describes the double cosets of I in G
as

(5) G= || Iewls.

Moreover, Iwahori-Matsumoto give a correspondence between the set of compact sub-
groups I < K < G and the set of finite subgroups Wy < Wg.

A particular focus of this work is on the set of maximal open compact subgroups of
G. It is known |Gar97, Section 14.7], that up to G-conjugation, a maximal compact open
subgroup of G must contain Ig. Thus, the classification of such groups reduces to the
classification of finite subgroups of Wg. -

Indeed, as we recall in greater detail in Section [4.2] each maximal finite subgroup of Wg
is conjugate to a member of the sequence of subgroups

WK07WK17”’7WKG <Wg,

whose corresponding compact groups Io < K; < G we now describe explicitly.
Embedding G in a matrix form using the Witt basis for B, we write

n

Op QF PEl
(6) Ki=|pr Gy, Or|NG, 0<i<ng,
pr pr Or

where GfDF < G ng—2; stands for the integral form of the lower-rank group of same type as
G.

Note, that taking ¢ = 0 recovers the hyperspecial maximal compact subgroup Ky = Go,,
featuring at the outset of our analysis.

Let us also note that, when Ng is odd, the symplectic group G is simply connected. This
fact causes the maximal compact subgroups of G' to coincide with maximal parahoric sub-
groups from the standard Bruhat-Tits theory. Indeed, there are precisely ng + 1 conjugacy
classes of maximal parahoric subgroups.

Yet, in the odd orthogonal case of even Ny, when G is no longer simply connected, the
classification of its maximal compact subgroups slightly diverges from the parahoric case.
For 0 < i < ng, each of the groups K; contains a maximal parahoric as a subgroup of
index 2.

2.2. Unipotent locus of the dual group.
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2.2.1. Symplectic and orthogonal partitions. The toplogical structure of UV is described
through combinatorics of integers partitions, which we explicate here.
We treat partitions as the set P of tuples A = (0 < Ay < Ay < ... < Ayy) of integers.
For an integer N > 1, its partitions P(N) C P consist of A € P with |A| := Zf(:)‘l) Ai = N.
The multiplicity of a part m(c, A\) = #{i : \; = ¢} is defined for each integer ¢ € Z-q
and a partition A € P.
Given integers a < b and a partition A € P as above, we set the interval \,p € P to
be the partition consisting of all parts A\, of A\ with a < A\, < b. In other words,

Moot = (N <A1 <. <\ eP,

so that 7 is the minimal index with a < ); and j is the maximal index with \; <.
For A\ € P, we set
supp(A) = {c € Z~o : m(c,\) > 0}
to be its support. We also write supp(A) = {c; < ... < ¢} and describe partitions in the
common notation of
A= (e gmlexd) - amlend)y e p

For \', A2 € P, we write A\ U2 € P for the partition that is given by multiplicities
m(c, \' UA?) =m(c, \') + m(c, \?), for all parts ¢ € Zsy.

Similarly, we write A'\ \? for the construction given by m(c, \'\A\?) = m(c, \')—m(c, \?),
whenever those are all non-negative numbers.

Let us denote P¢ (respectively, Py ') the subset of P of partitions whose support consists
of odd (respectively, even) integers.

For each choice of a sign s € {41}, we define the sets of partitions

P={ eP : JueP;, wveP, A\=pUruv},
and write P*(N) = P(N) N P?, for every integer N > 1.

Proposition 2.2.1. (e.g. [KP82, Theorem 2.2]) The conjugacy classes in U are in bi-
jgection with P*¢(Ng).

A class OY € UV that corresponds to a partition \ consist of unipotent matrices whose
multiset of lengths of Jordan blocks is given by the multiset of parts of .

Let us write
P ={NeP : m(c,\) <1,Ve € Zug}

for the set of multiplicity-free partitions.

For a partition A € P, a unique decomposition A = ™ U™ U \™ with A™ € P™f and
A" € P exists.

Clearly, for any partition A € P, the condition A € P*! is equivalent to \™/ € P

Let us now fix a sign s € {£1} and a partition A € P*.

There are unique partitions A\ € Ps and A% € P;®, so that A = A9 U A% U A\ holds.

In particular, \™ = (\%)™ holds.

Let us denote the set

S(A) :=supp(A\?) C Z~y .
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We consider its power set
PA) ={AS SN},

which we view as a Fo-vector space, and in particular, a group of cardinality 215!,

Alternatively, elements of P(\) may be taken as boolean functions on S(\).

As a vector space, P()) is equipped with a natural pairing given by (A, B) = (—1)
for A;B C S(A). The pairing provides a canonical identification of its dual group of
complex characters P(\) with P()) itself.

Recalling that Sp()\) := supp(A\™/) is a subset of S(\), we let

P(A)" = P(X)/{0. So(M)}

|ANB]
)

be a quotient group of P()\) by a two-element subgroup.
We also take note the subgroups

PN g={Ae€ P\ : [AnSy(\)|iseven}, P(A\) ={A € P(\) : |A]lis even} < P()).
Clearly, the previous identification E(T) =~ P(\) factors through m =~ P(A)o.
Moreover, when s = 1 and || is odd, the set So(\) must be of odd cardinality. Thus, the

pairing () restricts to a perfect pairing between the subgroups P(\)" and P(\)g, giving a

natural meaning to an identity P()\)’ = P()\)q in this case.

Proposition 2.2.2. [CM93, Theorem 5.1.6, Corollary 6.1.6]

(1) For a partition A € P*(2n + 1), the associated unipotent conjugacy class O of the
group SOq,.1(C) has a natural identification of its component group A(OY) with
the 2-group P(\)'.

In particular, the character group A(OY) is thus identified with P(\).

(2) For a partition A\ € P~'(2n), the associated unipotent conjugacy class O of the
group Sp,,,(C) has a natural identification of its component group A(QOY) with the
2-group P(\).

In particular, the character group A(OY) is thus identified with P(\) as well.

Let z € A(OY) be the representative of the central element —1 € Sp,, (C) in the
component group.

Then, z corresponds to the element Sy(\) € P(X\) under the above identification,
and the character subgroup

corresponds to the subgroup P(X)o < P(X).

—

We denote by A(OY), < A(OY) the subgroup that corresponds to P())y under the
identifications of Proposition [2.2.2]
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2.2.2. Lusztig’s canonical quotient. Still holding to a fixed partition A € P?, we now write

SA) ={m < ... <}

and obtain

A = (:uoq i ':uar) )
for indices 1 <oy < ... < a, <k.
We now define an equivalence relation ~ on S(\).
When s = —1, we impose the relations

Hay_oj_1 ™ Pay_oj_14+1 ~ Hap_oj_ 142 ™~ " ™ Ha,_o;
for each 0 < j < |r/2], and
e a0 e A ST

in case r is odd.
When s = 1, we impose the relations

Poy_o; ™~ Hay_oj_ 141 ™~ Ha,_o; 142 ™~ " ™ Mo, o5

for each 0 < j < r/2, and

/’LCVTNII"LQT+1N/’LCVT+2N'.'NIIJ/I€’

Let ST(\) := S()\)/ ~ denote the resulting set of equivalence classes, and p : S(\) —
ST()) the natural projection.

Let PT(\) = {B C ST(\)} be the power set of ST()\), viewed again as a 2-group.

Considering P()\) and PT()) as spaces of boolean functions on S(\) and ST()\), we can
pullback through the projection p to obtain an embedding p* : PT(\) < P(\) of groups.

More concretely, we identify

P =p*(PI(\) ={AC S(\) : 3B e ST(\), A=p ! (B)}
as the subgroup of P(\) consisting of functions that are constant on ~-classes.

We also set PT(\)g = PT(A) N P(\)o.

—

Proposition 2.2.3. Under the realizations of the character groups A(OY) of Proposition
222 as P(\) (in case GY = Sp,,, ) or as P(\)y (in case GY = SOgy, 1), the subset

AN(OY) < A(5)
that was defined in equation (@), is mapped to the subgroup PT(\)y.

Proof. For example, this is content of the combinatorial description in [Ach03, Section 3.4],
after identifying the canonical quotient with our definition in () using |[ASO8, Theorem
2.1]. O

Remark 2.2.4. A more common approach in literature arrives at the character subgroup
AT(OY) in terms of dualizing a quotient space construction, rather than a subspace con-
struction. That approach is compatible with our presentation in the following sense.
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Fizing an isomorphism PT(\) = PY()\) using the standard pairing in the same manner

as the isomorphism P(\) = P(\) was exhibited, we may consider p* as an embedding of
dual groups. In particular, dualizing it produces an onto group homomorphism

p*: P(\) = P,
that can easily be explicated.

This is the quotient map that gives rise to Lusztig’s canonical quotient of A(OY) through
the identifications of Proposition[2.2.2.

2.2.3. Special pieces. For a partition A € P* and an element 6 € ST(\), we set the integers
Opin = min{p € S(A) : p(u) =0}, Onax = max{p € S(\) : p(u) =0} .
In these terms we define the blocks of the partition A to be the set of partitions
Blk(A) = {A(0)}oest o) -
given as intervals of A of the form
AO) = Ng e P,
for each § € ST()\). It will be convenient to refer to the elements of ST()), the indexing set
of Blk(A), also as blocks.
It follows that a decomposition
A= Muxtu [ A,

0eSt(N\)

minHemax

holds, for a partition A\#* € P~%.
We take note of the set of integers

I(\) := supp(AP \ \¥) .

Definition 2.2.5. A partition A\ € P*, for s € {£1}, is said to be special, when one of the
following equivalent conditions holds:

(1) Each of the blocks \(0) € Blk(\) satisfies A\(0) € Pyt (i.e. M(0)% = \(6)).

(2) Equality A7 = {Ugegrny AO) holds in P*.

(8) The set I(X\) is empty.

We denote by Pg,. € P* the set of special partitions, and set Ps,.(N) = P(N) N Pg,...

spc
We may now characterize the special classes in the unipotent locus of GY(C) as
Up. ={O05 el - Xe P}

spc
Given a partition A € P*(N) and a subset I C I(\), we define an operation
TT(A) = A Ueer (e =1 e+1) \ Uees(¢?) € PP(N) ,

where (02) = (2) € P is assumed if necessary.
It is easily verified that
I(T'(\) =T\ \ 1
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holds.

In particular, 7"™()) is a special partition, for any A € P*.

Moreover, operation of the form T are compatible with the block structure of partitions
in the following sense. For any X' = T7()\) € P?, there is a surjective map
(7) = STN) = ST(\)

so that a decomposition
AO) = Omin ) U [ N (O)\ Ol O U | (™)
0'e(*)=1(0) cel(0)

holds, for any block § € ST()\), where I(0) = I Nsupp(A\(f)).
Let us also describe the family of inverted operations to those of the form T on P*(N).
For a partition A € P*, we say that a block § € ST(\) is admissible, if either a block
0" € ST(\) exists, for which 0, = 0, — 2, or one of

max

emax - emin = 27 Hmax > emin =2¢ SO()\>

holds.

Let us denote by ST(X) C ST()) the set of admissible blocks.

We write the set of integers

JA) = {fmin — 1 : 0 € STV}
For a partition A € P*(N) and a subset J C J(A), we define
Tr(A) = A Ueey () \Uees(c—1c+1) € P(N) .

It is then evident that equalities J(77;(A\)) = J(A) \ J and I(T;(X\)) = I(\) U J hold, and

that T7(T;(\)) = \.

Definition 2.2.6. For any partition A € P*(N), we let the relative special piece of \ be
the set of partitions

Spc(A) ={T,(A) : JCI(N)} € P*(N) .

Proposition 2.2.7. For any conjugacy class OY € U as in Proposition[2.2.1], given by a
partition X\ € P*¢(Ng), we have a combinatorial description

Spc(0)) = {0, : u€Spc(\)} CuU”

for the relative special piece of the unipotent locus of GY(C) that is defined by O .
In particular, the set Spc(OY) consists of 2PN conjugacy classes.

Proof. Let us first assume that A € P;5.(Ng) is a special partition.

In [KP89, Proposition 4.2] (attributed to Spaltenstein), it was shown that for all u €

P*¢(Ng), the class OV = OY,., w € Uy, is the unique special unipotent class which

satisfies (’)L/ € OV and is minimal with respect to the topological partial order on /.
It then follows that

Spe(0y) ={0) : pe P(Ng), TV (u) = A} .
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Since T"¥ (1) = X is equivalent to p = Ty, (), our statement now follows for the case
of a special partition.

Let us now take a general partition A € P*¢(Ng).

We mark the special partition N = T ()). By definition of relative special pieces we
have Spc(OY) = Spc(0Y,) N OY.

Recalling the combinatorial description of the topological order on U, it is easy to verify
that for any subsets J;, Jo C J(\'), an inclusion O%}l o € O%}Q (vy holds, if and only if,
Jy C Ji.

In particular, since A = Tj(y) ('), we obtain a description

Spe(0}) = {0y + TN € J CIN)} -

The full statement now follows, when observing that I(A) U J(A) = J()) and that
T;(N) = Tipyus (X)), for any subset J C J(A).
0]

Remark 2.2.8. It follows from Proposition[2.2.7] and its proof that the topological partial
order on the conjugacy classes of Spc(OY) C UY is naturally isomorphic to the hypercube
lattice of the subsets of J(N).

We record several basic properties of the construction.

Lemma 2.2.9. Suppose that ¢ — 1,¢+ 1 € J(\), for an integer ¢ and a partition A €
Ps¢(Ng).
Then, ¢ & So(N), and, in particular, the multiplicity m(c, \) is even.

Proof. Clearly, the assumption implies ¢ € S(A) and that (p(¢))min = (P(¢))max = ¢. By
construction of ST(\) that cannot happen when ¢ € Sy(\). O

Lemma 2.2.10. Suppose that 2 € S(X), for a partition A € P5¢(Ng).
Then, either 1 € J(N), or2 & A, for all A € PT()\),.

Proof. Note, that we are in the s¢ = —1 situation. We consider the projection S(\) —
ST(A\) and write 6 = p(2).
Suppose that 1 & J()).
By construction of ST(A), we must have [p~1(6y) N So(A)| = [{(00)max}| = 1, while
Ip~1(0) N Sy(N)| = 2, for all By # 6 € ST(N).
Hence, for any A € PT(\)y, we must have AN p~1(6y) = 0.
U

Lemma 2.2.11. Suppose that sg = 1 and a partition A € P%¢(Ng) is given.
Let a = max S(\). Then, a & A, for all A € PT(\).

Proof. A similar argument to that in the previous proof of Lemma holds. Namely,
from the construction of ST(\), we have |p~t(p(a)) N So(N)| = |[{a}| = 1, while [p~1(0) N
So(N)| = 2, for all p(a) # 6 € ST(N).
Hence, for any A € PT()\)g, the parity condition of P(\), forces a & A.
U
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2.2.4. Primitivity. Suppose that partitions A € P*¢(Ng) and p € Spe(A) are given. Then,
a subset I C I(u) exists for which A = T ().
Dualizing the map ¢y, \ from (@), we obtain an injective map

tur s PY(p) = PT(V)

when the groups involved viewed as boolean function spaces on ST(x) and ST()).

It is easy to verify that ¢, \(PT(1)o) C PT()\)g is fulfilled.

Thus, by invoking the identification of Proposition on ¢, x, we arrive at a definition
of an embedding of character groups

Lol\{’ox . AT(O/\;) — AT(O;\/) .
Now, for a partition A € P*¢(Ng) and an integer ¢ € J()), we define a character
e -1 |[AN{c—1,c+1}] c>1
®) e PO, w={ e

where A € P()\) is viewed as a subset of S(\).
Let us also recall the notion of primitivity that was outlined in Definition [[.4.1l

c=1 "~

Proposition 2.2.12. Let A\ € P*¢(Ng) be a partition, and ¢ € AT(OV) a character of the
corresponding component group.

Let B, C S(\) be the subset corresponding to € under the identification of Proposition
2223

For each p € Spc(N), e is Oy -primitive, if and only if, t.(B.) # 1, for all c € J(A\)\J(p).

Proof. For ¢ € J(1), we take note of the partition A, = Ticy(N).
Let us see that t.(Bc) = 1 holds, if and only if, € € Im(toy oy).-
When ¢ = 1, one direction of the latter claim follows from Lemma 2210l Conversely,

since ¢y,  is a bijection in this case, we only need to observe that any subset B C ST(\;)\

{p(2)} must satisfy the parity condition B € P(\)o.

When ¢ > 1, the fibers of the surjection ¢5_, : ST(X) — ST(\.) are all singletons, except

for the occurrence of (15 _,)~'(0) = {#',6"}, where 6, =c— 1 and 6, = c+ 1.

Thus, as boolean functions on S()), we have the equality
Im(coy oy) = {€ €PN\ : é(c—1)=¢€(c+1)},
which is equivalent to our claim.

Now, suppose that € is not O/-primitive. Then, a class 0¥ € U" exists with O < O" <
Oy in the topological partial order on U", so that € € Im(tov oy).

A partition ' € Spc(A) can then be found, so that 0¥ = O, In particular, ' = T;(}),
for 0 # J C J(A)\ J(u). Picking ¢ € J, we see that A\, = T/ (), Im(LOZ,,OX) C
Im(coy oy), and consequently, t.(B.) = 1.

Similarly, when it is assumed that € is OZ—primitive, we obtain that € & Im(LOXC,OX)’ for
any ¢ € J(A) \ J(u), since Oy <Oy < Oy.

O
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2.2.5. Barbasch—Vogan—Lusztig-Spaltenstein duality. The Lie-theoretic duality between types
B and C is known to be manifested in the context of unipotent conjugacy classes. For
each integer n > 1, explicit maps

Pl (2n) - P20 +1), P'@2n+1) » P(2n)

are defined in [Spa82, Chapter 3] or [BV85H, Appendix A], all of which we will simply
denote as d.
Here we list some meaningful properties of these duality maps.

Proposition 2.2.13. Let d: P*¢(Ng) — P—*¢(Ng — s¢) be the Barbasch—Vogan—Lusztig—
Spaltenstein map.
Then,

(1) The image of d is the set of special partitions P (Ng — sa)-

(2) The decomposition of P*¢(Ng) into the fibers of the map d amounts precisely to the
decomposition

P(Ne)= || Spe())
AePs&(Ng)

of the set of partitions into its special pieces.
In particular, for any A\ € P*¢(Ng), d remains constant on the relative special
piece Spc(A).
(3) Setting d' : P~*¢(Ng — s¢) — P*¢(Ng) to be the duality map in the reverse direc-
tion, we have d'(d(\)) = T"™(X), for any partition A € P*¢(Ng).

It is evidently read from Proposition 2.2.13] that the duality maps restrict to explicit
bijections Py i(2n) = PL.(2n + 1) between special partitions, for each n > 1. In more
accurate terms, the duality sets up a bijection between the sets of special pieces that

compose P~1(2n) and P'(2n + 1), respectively.

2.3. Representation theory. We study smooth G-representations over the complex field.
We write a pair (m, V'), or more often simply 7, to refer to a complex vector space V' on
which G acts continuously by 7 : G — GL(V).

Let Irr(G) denote the collection of isomorphism classes of irreducible such representa-
tions.

We take note of the involution 7w +— 7' on Irr(G) that is known as the Aubert duality.
The reader may be invited to the introduction section of [AM23] for a review of the various
definitions and manifestations of that duality.

2.3.1. Local Langlands Reciprocity (split groups). The collection Irr(G), for our groups of
interest, was successfully described in arithmetic terms that we now recall. We assume the
variant of the Langlands reciprocity that is derived from Arthur’s endoscopic treatment,
and refer to [AG17, Appendix B] for a succinct review.

Let Wr be Weil subgroup of the absolute Galois group of the field F'. We write | - | for
the norm function on Wg.
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Repeating the definition of the previous section, we set ®(G) to be the GY(C)-conjugation
classes of continuous group homomorphisms

¢ : Wi x SLy(C) — GY(C)

whose restriction to SLy(C) is an algebraic map, while ¢(Wpr) consists of semisimple ele-
ments.

Elements ¢ € ®(G) are called the L-parameters of the group G.

Langlands reciprocity constructs a canonical finite-to-one surjective map

Irr(G) — &(G) 7 ¢,

with favourable properties.
For an L-parameter ¢ € ®(G), the set of isomorphism classes of representations

I, ={m € rr(G) : ¢r = ¢}

is the L-packet attached to ¢.
We recall that for any L-parameter ¢ € ®((), a unipotent conjugacy class OF € U is
attached by taking the class of the element

U = ¢ <1, (é })) € GY(C) .

In particular, a partition A(¢) € P*¢(Ng) is an invariant that we define by the identity

\Y _ Vv
OXe) = 94

2.3.2. Infinitesimal characters. The reciprocity also gives rise to the infinitesimal character
invariant of representations in Irr(G) which is coarser than the L-parameter.

Let A(G) be the collection of GY(C)-conjugation classes of continuous group homomor-
phisms x : Wr — GY(C), with x(Wg) consisting of semisimple elements.

We fix the homomorphism

(9) re: We = Wi x SLy(C),  rp(w) = (w, (‘“’5/2 |w|91/2)) |

For each L-parameter ¢ € ®(G), its infinitesimal character x, := ¢ orp € A(G) is now
defined by precomposition.
A decomposition

(10) I(G) = | | Trry(G)
X€EA(G)

now arises, when setting
Irr, (G) := |_| I, .
P€®(G) 1 xp=x

For a representation 7 € Irr, (G), we say that its infinitesimal character is x, := x € A(G).
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2.3.3. Unipotent representations. We say that an infinitesimal character y € A(G) is un-
ramified, when it is trivial on the inertia subgroup Ir < Wr. We denote by A,(G) the
collection of unramified infinitesimal characters.

We recall that the quotient Wg/Ir is a cyclic group generated by the image of (a choice
of) a Frobenius element Fr € Wp.

Thus, a character y € A,(G) is determined by the conjugacy class of the semisimple
element s, = x(Fr) € GY(C). In practice, we may identify A, (G) with the set of semisimple
conjugacy classes in GY(C).

Indeed, this is the point of view taken by the theory of Satake parameters. For a fixed
hyperspecial maximal compact subgroup K < G, we say that a representation 7 € Irr(G)
is spherical, when its space contains a non-zero K-invariant vector.

For each unramified xy € A,(G), there is a unique spherical representation

d(x) € Irr, (G) .
We define the sets of unipotent L-parameters
0,(G) ={0 € 2(G) : xp € Mu(G)},

and unipotent irreducible G-representations

Irr, (G) = |_| Irr, (G) = |_| I, .
)

This latter set happens to coincide with the Lusztig notion of unipotent representations
that is defined in terms of parahoric restriction |Lus95].

Remark 2.3.1. Note also that an L-parameter ¢ € ®(G) is unipotent, if and only if, its
restriction ¢|r. is a trivial homomorphism. In particular, an L-parameter ¢ € ®,(G) is
determined by the congjugacy class of the pair of commuting elements (¢(Fr), u,), which
amounts to the Jordan decomposition of the element g, := ¢(Fr)us € GY(C) in the reduc-
tive algebraic group.

Thus, the set of unipotent L-parameters ®,(G) is in a natural bijection with the conjugacy
classes of GY(C). Yet, this point of view will not be prominent in our discussion.

2.3.4. Spinor norm character. Let us note that the center Zso,,,, is trivial, while Zgp,
is a group of 2 elements. In the latter case, we write —1 € Sp,,(C) for the non-trivial
element in the center.

We write kg : Wrp — {£1} for the quadratic character corresponding to the unique
unramified quadratic extension of the field F'.

Viewing kg as a homormophism Wr — Zg,, , we see that the tensor operation ko ® —
gives an involution on the set of L-parameters ®(SOq,,11(F)), for any n > 1, which preserves
the set of unramified L-parameters @, (SOq,+1(F)).

Clearly, we have ko @ X¢ = Xrooe, for ¢ € P(SOgy41(F)).

Indeed, this involution may be explicated on the level of corresponding G-representations.

Special orthogonal groups admit a homomorphism

sp 1 SOgu41(F) — F* /(F*)?
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known as the spinor norm. It can be characterized as the homomorphism that takes any
reflection along an anisotropic vector w € V to B(w,w)(F*)? ([Lam03, Theorem V.1.13]),
where (V, B) is the quadratic space defining the p-adic group as in Section 211

Composing the norm sp with the quadratic character of I’ obtained from kg via local
class field theory, produces a quadratic SOy, 1(F)-character, which is trivial on the Iwahori
subgroup Iso,, ., (F)-

Abusing notation, we denote that character by kg as well.

In these terms, the Langlands reciprocity map satisfies

Ko ® ¢7r = ¢no®7r s
for any representation 7 € Irr(SOgp,11(F')).

2.3.5. Ezplication of L-parameters. We denote by ®(NN) the set of isomorphism classes of
complex N-dimensional continuous representations ¢ of the group Wg x SLy(C), whose
restriction to SLy(C) is algebraic, while ¢(Wg) consists of semisimple elements. (i.e. L-
parameters for the group GLy(F).)

It is convenient to define the set ® = @ -, P(NN) and treat it as an additive semigroup
with respect to the direct sum operation on representations.

We denote by ¢, C ® the collection of representations that are trivial on the intertia
group Ip < Wpg.

By assuming the standard embedding of GY into GL,, we obtain an embedding ®(G) C
®(Ng). Clearly, ¢,(G) = @, N P(G) holds.

We now recall the explicit structure of L-parameters in ®(G). Since our main focus is
set on unipotent representations, we limit this description to ®,(G).

For ( € C* and an integer k > 1, we write

C X Vi € (I)u
for the Wg xSLy(C)-representation given by the k-dimensional irreducible SLy(C)-representation,
tensored with the 1-dimensional character of Wg /I that is determined by Fr — (.

Remark 2.3.2. We note that for such ¢ = (®@uvy € O, the precomposition ¢(rp(Fr)) may
be viewed as a semisimple matrix whose eigenvalues are specified by the set

k—1

E=1 k=3 _
g, ¢qg=z,....¢q 7 },
all appearing with multiplicity 1.
For a partition A = (A < ... < Ayy)) € P and a tuple of numbers ¢ = (Cy, ..., ) in
C*, we write

I76))

(11) Per=) D €D, .

i=1
Proposition 2.3.3. Every L-parameter ¢ € ®,(G) can be written in the form
o= ¢(1,...71)7)\ + ¢(—17...,—1)7>\’ + ¢(<17---7<k)7ﬂ + ¢(g;1,,,,,gkf1)7u )
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where \, N € P*¢ and p € P are partitions with |\| + |N| + 2|u| = Ng.
This form is unique for a given L-parameter, when assuming ¢; # +1, for all 1 < i < k.
The associated partition to the L-parameter ¢ € ®(G) is given by

M) =AUNUpUpeP(Ng) .

Proof. 'This is a straightforward translation into our notation of standard descriptions, such
as in |Ato20, Section 3.1]. O

The following property is easily verified.

Lemma 2.3.4. Let A € P*¢(Ng) be a partition, and z € {£1}.
Suppose that ¢ € ®(G) is an L-parameter satisfying

Then, the class Oy € UY must be contained in the Zariski closure of the class Oy € U".

2.3.6. Wavefront sets. We recall that Nr was defined to be the set of nilpotent Ad(G)-
orbits in the Lie algebra Lie(G).

Similarly, for the algebraic closure of the field F' < F, we denote NF to be the set of
nilpotent Ad(G(F))-orbits in the Lie algebra Lie(G(F)).

Clearly, there is a (toplogical) order-preserving orbit inclusion map alg : Np — Nz.

It is possible to identify the orbits in A& with the corresponding set of adjoint orbits in
Lie(G(C)). Furthermore, the exponential map then allows for an identification of Nz with
the set of unipotent conjugacy classes in the complex group G(C). Altogether, we may
apply Proposition [Z2.T] to obtain a natural parameterization of N by the set of partitions
P—sc (NG - Sg).

In this manner, we write Oy € N7, for a partition A € P75¢(Ng — sq).

The celebrated theory [Har99] of the Harish-Chandra-Howe character studies the trace
distribution ©, on G that is attached to each representation 7 € Irr(G).

The local character expansion states that when © is pushed onto the Lie algebra through
the exponential map and restricted to a small enough neighborhood of 0 € Lie(G), it will
equal to a linear combination of the form

> co(m)iio -

OeNF

Here, the distributions {fio }oen, on Lie(G) are Fourier transforms of those given by the
corresponding nilpotent orbital integrals, while {co(7)}oen, are scalars.

We say that an representation 7 € Irr(G) admits an algebraic wavefront orbit, if there
exists a nilpotent orbit O € N with co(m) # 0, such that for any orbit O’ € N with
cor(m) # 0, alg(') is contained in the Zariski closure of alg(O).

In this case we can write

WF(7) := alg(O) € N7,

which is clearly well-defined.
The recent work of Tsai [Tsa24| provides further insight into this concept.
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Clearly, when a representation m admits an algebraic wavefront orbit, its Gelfand-Kirillov
dimension GKdim(7), as defined in the introduction section, will equal half the Zariski
dimension of the algebraic variety WF ().

A main result of [CMO23b] is a formula for the algebraic wavefront orbit of unipotent
representations in terms of the Langlands reciprocity.

Theorem 2.3.5. Let x € A,(G) be an unramified infinitesimal character, for which s, €
GY(C) is a matriz with real positive eigenvalues.

Then, all irreducible representations in Irr, (G) admit an algebraic wavefront orbit.

For a representation w € Irr, (G), whose Aubert dual m* € 114 is contained in an L-packet
given by a unipotent L-parameter ¢ € ®,(G), the formula

WE(m) = Oan@)) € N
holds, where d is the Barbasch—Vogan—Lusztig—Spaltenstein duality map.

This extends an analogous result due to Waldspurger for anti-tempered representations
of odd orthogonal groups [Wall§].

3. ARTHUR THEORY

Let us recall some properties of the theory of local Arthur packets, that were developed
in |Art13] through an intricate analysis of endoscopic transfer.

For each A-parameter 1) € U(G) (as defined in the introduction section), the associated
Arthur packet, or A-packet, is a finite set of representations Hf/}‘ C Irr(G).

Irreducible representations in the collection

U Hiz C Irr(G)

PeW(G)

are called Arthur-type representations. In contrast with the L-packet decomposition of
(I0), the union in the preceeding equation is not disjoint, i.e. A-packets are known to
overlap.

A key feature of the theory, though one which will not play a direct role in our discussion,
is that all Arthur-type representations are unitarizable.

For an A-parameter i) € U((G), we set the precomposition ¢, := 1 orf € ®(G) to be its
associated L-parameter, where

1/2
¥ s Wi x SLa(C) = Wi x SLa(C) x SLa(C), rlp(w, z) = (w,x, ('w(‘) |w|91/2)) |

is a homomorphism resembling the form of the one defined in ().
We also set xy = xg, = Y orporr € A(G) to be the associated infinitesimal character.
Marking the flip fp(x,y) = (y, x) on SLy(R) x SLy(R), we obtain an involution

Y= o fp

on the set of A-parameters V(G).
We note that x,¢ = ), holds.
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Proposition 3.0.1. [Art13, Proposition 7.4.1][Meg09a, Proposition 4.1][Ato22, Theorem
1.6/
For any A-parameter ¢ € V(G), we have containments

Iy, C I} C Ity (G)
and a compatibility with the Aubert duality in Irr(G) in the sense of
I ={r" : mel}}.
For notation purposes, let us write the domain of A-parameters as a group
Wp x SLY(C) x SL5(C) ,

where each of SLZ, SL2' stands for a copy of the algebraic group SL.

A parameter ¢ € U(G) is said to be tempered, when its restriction 9| a(c) is a trivial
homomorphism.

For a tempered A-parameter ¢ € W(G), an equality II,, = Hﬁ is known to hold.
Moreover, a representation in Irr(G) is tempered in the analytic sense, if and only if, it
belongs to an A-packet (which is also an L-packet) for a tempered parameter.

A parameter ¢ € U(G) is said to be anti-tempered, when its restriction ¥[gz(c) is a
trivial homomorphism.

A representation 7 € Irr(G) is said to be anti-tempered, whenever 7 is tempered.

Thus, by Proposition B.0.1] anti-tempered irreducible representations clearly coincide
with the constituents of A-packets that arise from anti-tempered A-parameters.

3.0.1. Arthur’s characters. For ¢ € U(G), we write
Sd, - Z’Z’/Z;ZZGV

for the component group of the centralizer subgroup Z, = Zgv(c)(Im(¢))) < GY(C), taken
modulo the representatives of the center Zgv = Z(GY(C)).

We write Sy, for the dual group of complex characters on Sy. Both are finite 2-groups.

Analogous definitions for the group Sy, and its dual Sy, are also set in place for each
L-parameter ¢ € ®(G).

For an A-parameter ¢ € ¥((), the embedding of centralizers Z, < Z;, gives rise to a

surjective map Sy — Sy, . Dualizing, we obtain an embedding @; < 3’; of finite groups.
Arthur has attached a map

(12) Hﬁ—hg’; T el

to each A-packet ¢p € U(G). Its definition is pinned down by certain endoscopic identities
that are required to be satisfied by the constituents of Hfz}‘.

In particular, the invariant €/, for Arthur-type representations 7, provides an approach
for an enhanced Langlands reciprocity, that is, a meaningful labelling of irreducible repre-
sentation within a single L-packet.

In that regard, the information that is provided by the following proposition will suffice
for our needs.
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Proposition 3.0.2. [Art13, Proposition 7.4.1]
For any A-parameter v € V(G), the map in ({2) is injective when restricted to the
L-packet 11y, C pr‘.
Moreover, an equality
gq;:{ef crelly,}
holds.

In particular, for the L-parameter ¢ = ¢y, € ®(G), we may parameterize the associated
L-packet as

Iy = {m(¢,€) : €€ Sy},

so that e = €7, whenever ™ = (¢, ¢€). .

Corollary 3.0.3. For any tempered or anti-tempered A-parameter ¢ € V(G), the map in
(@2) is a bijection, and can be used to parameterize the representations

I} = {n(t,6) : c€ 8.},
of the associated A-packet, so that € = €, whenever m = (¢, €). .

Proof. The tempered case follows from Proposition [3.0.2] when recalling that TI;, = H{Z)1

and that Sy, = S, hold.
For an anti-tempered A-parameter ¢ € U(G), we clearly have S, = Syt. Hence, this
case follows from the tempered case through Aubert duality. O

Remark 3.0.4. The map in ([I2) is in general dependant on a fixed choice of a Whittaker
datum for the group G, which is not canonical in the case that the group is symplectic.

Yet, the interest of this work in the characters € will be limited to the case of A-
parameters that admit a quasi-basic infinitesimal character . ov, in the sense of Section
(3.1l

One can consult the established formulas for change of character under a change of
Whittaker datum. These formulas are detailed, for instance, in [JLZ22, Section 3.2.1],
revealing that in these cases € is in fact independent of the chosen datum.

3.1. Basic A-packets. Among anti-tempered A-parameters, we say that ¢ € ¥(G) is
basic, when its restriction ¥y, . srL(c) is a trivial homomorphism.

More generally, we say that an A-parameter ¢ € V(@) is quasi-basic, when its restriction
Y| xspE(c) 18 @ trivial homomorphism, and ¢ (Fr) € Zgv.

It is evident that basic A-parameters are classified by the collection of algebraic homo-
morphisms SL’Q4 — GVY, up to conjugation. By the Jacobson-Morozov theorem those may
be parameterized by the classes of U".

Namely, for each conjugacy class OV € U, we denote by ov € W(G) the basic A-

paramater which satisfies
11
Yovlsia <(O 1)) SEOM
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The set of quasi-basic A-parameters in V() is easily seen to be described as

\Ilqb(G) = {wz,OV}zeZGv,OVeZAV )
where each ¢, ov € U(G) is determined by

¢z,OV(F1") =z, ¢2,(9V‘IF><SL2L((C)><SL§‘((C) = ¢(9V‘IF><SL2L(C)><SL§‘(<C) :

For a quasi-basic A-parameter ¢ = 1, ov € ¥(G), let us also write

Xz,0vV = Xy S Au(G) s ¢Z,OV = ¢w S (I)u(G) s

for its associated (unipotent) infinitesimal character and L-parameter.

Since the center Zso,,., is trivial, all quasi-basic A-parameters are basic in the case of
GY =801

In the case of GY = Sp,,,, we treat the central parameter z € Zg, , for ¥, ov € ¥(G),
merely as a choice of a sign z € {£1}.

Still is the same case, we clearly have ko ® ¢, ov = ¢_, ov and Ko @ X..0v = X—z,0v-

Definition 3.1.1. For a unipotent conjugacy class OV € UV and a central element z €
Zgv, we set
L TIA
ILov:=1, , Chr (GQ)
to be the associated quasi-basic A-packet.

When z is trivial, we write Ilov =111 ov and call it a basic A-packet.

We take note of the subclass of unipotent representations given as

Irrg(G) = |_| Irry, (G) C It (G)
YET 4 (G)
in which all quasi-basic A-packets are contained. We say that representations in Irro(G)
are integral.
Note, that integral representations may be found as constituents of Arthur packets that
are not quasi-basic (or not be of Arthur-type). Therefore, it makes sense to define the set
of integral A-parameters as

Uo(G) = {¢ € U(G) : ' € Vy(G), xyp = X'}
whose associated A-packets give rise to all integral Arthur-type representations.

3.1.1. Formally weakly spherical representations. We note that for each OV € UV and
2z € Zgv, an identity

(13) Si. 0 = AOY)/Zc

holds, by definition of both its sides.

Building upon this identification and the labelling of anti-tempered representations given
in Corollary B.0.3, we may now define the introduction section notation of (3), as

6(Za Ov> E) = 7T(,lvbz,ova 6) S HZ,OV s

for each z € Zgv, 0¥ e UY and € € A(OV),.
Within this labelling, we take note of the following class of irreducible representations.
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Definition 3.1.2. For a unipotent conjugacy class OV € UV and a central element z €
Zav, we denote the set of irreducible anti-tempered representations

HiOV = {6(27 Ovv 6) € HZ,OV S AT(OV)}

parameterized by the group of characters AT(OV) < A(OV), of Proposition [2.2.3.
We say that the representations in Hg,ov are formally weakly spherical.

A canonical constituent in Hf,ov’ for each OV € UV and z € Zgv, is the spherical
representation
d.0v i=0(Xz0v) = (2, OV, trv) € Irrxz’ov(G) )

—

Here, trv € Sy_,, 1s the trivial character.

Furthermore, it is also easy to verify that the group S¢z’ ov» for the associated L-
parameter ¢, ov, is a trivial group, i.e. that the centralizer of yov (Fr) € GY(C) is connected
modulo Zgv. .

Hence, with the character group Sy_,,, being trivial, we see by Proposition that
the associated L-packet to a quasi-basic A-parameter is the singleton set

{0} =15 o, ST v CILov C Iy 0 (G)

consisting of the spherical representation that admits the corresponding infinitesimal char-
acter.

3.2. Explication of A-parameters. Let us recall the existing theory on the explication of
the composition of A-packets in combinatorial terms, when applied the case of Arthur-type
representations in Irry(G).

3.2.1. Tables. A table m will consist of a finite indexing set I(m) and a set of pairs of
integers (a;, b;) € Z~o X Z~g, for each i € I(m).

We write T for the set of tables.

For an integer N > 1, we set T(N) C T to be the set of tables m with |m| :=
Zie[(m) CLibi = N.

We fix natural maps

i:P—=T, p:T—>7P
between the set of tables and the set of partitions P.

Given a partition A = (A < ... < An) € P, a table my = i(\) € T is constructed
by taking the indexing set I(m,) = {1,...,¢(\)} and setting (a;,b;) = (\;, 1), for each
1€ I(m,\)

In an adjoint manner, for a table m € T, we construct

)\m = p(m) = UiEI(m)(a?i) eP.

It is evident that p(i(\)) = A holds, for any partition A € P.
Form!, m? € T, we write m'Um? € T for the table given by the pairs {(a;, b;) }ier(m)urm?),
with 7(m!' Um?) = I(m') U I(m?).
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For a table m € T and a set S C Z-o X Z~g, we may also write a table mU S € T,
by implicitly assuming an auxiliary indexing set [g, so that I(m U S) = I(m) U Ig with
S = {(ai, bi) biers-

We write T3 (respectively, 75 ') for the set of tables m € 7T, for which a; + b; is even
(respectively, odd), for all i € I(m).

For each choice of a sign s € {£1}, we define the sets of tables

T ={meT :dJmyeTy, meT, m=myUnUn},

and write 7°(N) = T(N) N T?, for every integer N > 1.
The maps i, p clearly restrict to well-defined maps

12 P*(N) = T*(N), p:T*(N)—=P*(N),
for any N > 1 and a choice of sign s € {£1}.

3.2.2. Integral A-packets. We denote by W(N) the set of isomorphism classes of complex
N-dimensional continuous representations ¢ of the group Wr x SLy(C) x SLy(C), whose
restriction to SLy(C) xSLy(C) is algebraic, while 1 (Wg) is bounded and consists of semisim-
ple elements. (i.e. A-parameters for the group GLy(F).)

A natural map (in fact, injection) W(N) — ®(N) is given by ) — ¢y 1= 1) o 1.

For z € Zgv and integers a,b > 1, we write

2V, @y € U(ab)

for the tensored representation, with v, denoting the k-dimensional irreducible SLy(C)-
representation, and z denoting the 1-dimensional character of Wr /I that is determined
by Fr — z.
An explication shows that for v = 2z ® v, ® v}, we have
b—1
(14) bp=3 24T ®v, € B(N).
i=0
In similarity with Section 3.5, we embed V(G) C ¥(Ng), and treat ¥ = @ -, ¥Y(N)
as an additive semigroup with respect to the direct sum operation on representations.
For a table m € T(N) and an element z € Zgv, we define

wz,m: Z Z®Vai®l/bi E\II(N) .

i€I(m)

Proposition 3.2.1. (1) The assignment (z,m) — 1), is a bijection between the set
Zgv X T*¢(Ng) and the set Vo(G) of integral A-parameters.
(2) Restricting the previous assignment to the case of partitions, gives a bijection (z, \) —
V. m, between the set Zgv x P*¢(Ng) and the subset of tempered A-parameters in
Vo (G).
(3) For any partition X € P*¢(Ng) and z € Zgv, the associated quasi-basic A-parameter
may be described as

wz,OX = (wz,mk)t S \IIO(G) )
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while the associated tempered L-parameter is given by

¢(z,...,z),)\ = ¢¢z,m)\ S (I)U(G) )

in the sense of the notation in (III).
(4) For any b = 1, w € Yo(G), we have N(¢y) = An.

Proof. 1t is a direct consequence of standard properties of A-parameters (see, for example,
[Ato22, Section 2.3]) that any ¢ € W(G) with infinitesimal character x, = X, ov, for
z € Zgv and OV € UY, must be of the form ¢ = 1), n, for a table m € 7°¢(N¢).

For A\ € P*¢(Ng), clearly 1, m, is a tempered A-parameter that may be viewed as an L-
parameter. By Proposition2.3.3)it then follows that xy. .. = X.0y. Hence, ¥, n, € Wo(G).

For a given 1. n € ¥(G), the partition X' = p(m) € P*¢(Ng) satisfies xy. ,, = Xepm,, >
which implies ¢, , € ¥o(G).

The rest of the statement amounts to simple fact collecting, assisted by the formula in
(I4) and Proposition 2.3.3

O

3.2.3. Component groups. Let us write 7™/ C T for the set of multiplicity-free tables,
that is, m € T with (a;, b;) # (a;,b;), for all distinct 4, j € I(m).

For a table m € T, a unique decomposition m = m™ Um™ Um™ with m™/ € 7™/ and
m™ € T exists.

Clearly, for a table m € T, we have m € 7+, if and only if, m™/ € 75"

Let us now fix a sign s € {£1} and a table m € 7.

There are unique tables m% € 7 and m” € 7;°, so that m = m% Um® Um® holds.

In particular, m™/ = (m9)™/ holds.

Let us denote the set

S(m) = {(a, b) S Z>0 X Z>0 e I(mgp), (a, b) = (CLZ,bZ>} .
A natural surjective map
K S(m) — supp(An)

is given by «(a,b) = a.

Note that the partition A\, € P*° may not belong to Pj, even when m € 7. For example,
m=m? = {(3,3),(4,2)} € T}, while \,, = (3%4%) € P! has (\n)% = (3%).

Thus, we further refine the construction by writing
(15) S(m) = S(m) U S(m)”
where S(m)* = k~1(S()\)), and attain a map & : S(m)* — S(\y) by restriction.

Now, in further similarity with Section 2.2.1] we consider the power set

P(m) = {AC S(m)}

as a Fy-vector space, a group of cardinality 2™ or as a space of boolean functions on
S(m).

The decomposition in (I3 naturally gives a direct sum decomposition

P(m) = P(m)* ® P(m)’



WEAK ARTHUR PACKETS ARE WEAKLY SPHERICAL 33

of vector spaces.
A pullback through k gives an embedding
K* 1 P(Am) — P(m)* < P(m) .
Explicitly, for a set A C S(An), we have k*(A) = {(a;,b;) : i € [(mP) a; € A} .
We also take note of the subgroup
P(m)y={AC S(m) : |ANS(m™)|is even} < P(m) .
It can be verified that the map x* embeds the subgroup P(Ay)o into P(m)g.

Proposition 3.2.2. (e.g. [Xul7, Section 2])
For any A-parameter 1 = ¢, n € Vo(G), given by z € Zgv and a table m € T*¢(Ng),
there are natural identifications

Sp, = P(An)o, Sy = P(m)g,
under which the embedding given by k* corresponds to the containment 3;; < :9;

We note that for the case of a tempered A-parameter ¢ = ¢, € Uo(G) and its
associated quasi-basic A-parameter 1, oy = Y' € Uy(@), the map k* is an isomorphism.
The identifications of Proposition 2.2.2] equation (I3)) and Proposition B.2.2 all coincide in
this case, to produce an identification

(16) So. = P(A)o = P(my)o

of groups.

3.3. Moeglin’s parameters and A-packet intersections. Beyond the case of tempered
A-parameters, where the associated A-packets are well-situated with respect to the Lang-
lands reciprocity (in particular, are disjoint), the composition of general A-packets and
their possible intersections remains a largely difficult question.

A line of study by Moeglin [Moeg06; Maoeg09h; Mcegll], Xu [Xul7; Xu2l] and Atobe
[Ato22; |Ato23] offered meaningful tools to approach such issues. We will now sketch some
of its features, when applied on the case of integral A-packets.

For a table m € T, we set the integers

o i=a;+b, Bi=a;—b,

for all i € I(m).
For a sign s € {£1} and a table m € T*, we associate the Moeglin parameter set

L I(m9) = Z, st. 0<1(i) <b;/2,
W(m) =4 (Ln) : n: R —{£1},
where Ry == I(m%)\ {i : (i) = b;/2}

An admissible order < on a table m € 77 is any linear order on the indexing set

Im?) ={z; < ... <z},
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for which the condition

Bey >0
Be; < By, O Be; > Bz; 2 0
gy < O

is satisfied, for all 1 <i < j <t.

For ease of presentation, when an admissible order < is fixed on m € T° we will
often simply assume that [(m%) = {1,...,t} is indexed by integers number, so that
1< j &1 <.

For each integral A-parameter ¢ = 1, n € VU(G), with m € T°¢(Ng) and z € Zgv, and
a choice of an admissible order < on m, Moeglin’s construction gives an embedding

M, : Hﬁ — W(m) .

For a representation m € I}, we will write 7 = 7-(¢, 1, 7), when (I, 1) = M(n).

As visible from its definition, the invariant (I,n) € W(m), for a given representation
7 € 117}, is not canonical, in the sense that it may vary along different choices of admissible
orders.

Yet, for a representation ™ € Hﬁz,m’ the canonical Arthur character e,
off Moeglin’s parameterization in the following sense.

z,m

can still be read

Proposition 3.3.1. ([Ato22, Theorem 3.6] combined with erratum in [Ato23, Appendix
A)

Let < be an admissible order on a table m € T*¢(Ng) and ¢ = ¢, n € Vo(G) an
associated integral A-parameter.

Then, a function ~%, : I(m9%) — {£1} exists (explicit formula in [Xul7, Definition 5.2]),
so that

(1)) :{ L) (1) AHOp(i) ]
7%(0) 1(i) = bi/2
holds for all i € I(m9), and any
™= 7T-<(¢>£aﬂ) € H$ .
Here, we identify ¥ € 3; = P(m)o as a boolean function on S(m).

For a table m € 7%, it will be useful to set the convention

——~— [ I(m%P) s=1
F{me) —{ Im®) {0} s=—1 -
while assuming (ao, by) = (0,1), when s = —1.

Similarly, for a parameter (1,7) € YW(m) we assume the convention [(0) = 0 and 1(0) = 1.
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3.3.1. Intersections between A-packets. In |Ato22], Atobe gave an algorithmic description
of all possible pairs of tuples (Y1, <1,0;,7,), (¥2, <2, 15,7,) that give isomorphic represen-
tations

7T‘<1(¢1?L17ﬁ1) = 7r'<2(w2al2?ﬂ2) € HAl N H$2 .

Let us recall parts of this theory that will be essential to our discussion.

Proposition 3.3.2. [Ato22, Theorem 5.2 and Corollary 5.3] Let < be an admissible order
on a table m € T*¢(Ng), for which we assume I(m%?) = {1 < ... <t}.
Let ) = 1, w € Yo(G) be the associated integral A-parameter, for a choice of z € Zgv.
Let

™= 7T<(¢7LQ) < H$
be a given representation.

—_—

Suppose that t > k € I(m9P) is such that B > —1 holds, and that one of the following
conditions is satisfied:

(1)

a1 —ar, = (b — 2lg) — (bg1 — 2l41)
lk—i—l — lk > 0
logr =l > b1 — by ’
M1 = (=1)"
(2)
Agi1 — A = —(bk - 2lk) + (bk+1 - 21k+1)
lk+1 — 1, < 0
lopr =l < g1 — by ’
M1 = (=1)"
(3)
A1 — A = (bk — Qlk) + (bk+1 - 2lk+1)
lk+1 + I < by
Lo+l < bppr
M1 = (=1)"n

Here, we shortcut notation to l; = (i) and n; = n(i).
Then, we have an inclusion
7T E ]:[:22 m

7 ?
)

where m" € T*¢(Ng) is the table given by
m' = {(as, b)) Fiermpfra1y U { (e, 02), (G, bar) }

if added values are non-zero, where

bpy1 — b
ay = G + Gkt 4 k, b. )
2 2 2 2
_ Gtk Depr — by . b+ bes1  Gry1 — i

ex 2 2 2 2

bt b apr —oay
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e~

Corollary 3.3.3. Letm, z, 1, < be as in Proposition[3.3.3, and suppose thatt > k € I(m9P)
is such that B, > —1 and oy = Bryq hold.
Suppose that (I,n) € W(m) is a Moeglin parameter that satisfies

lhy1=U = 0
Mi+1 = (=1)%m

Let
m' = {(a;, b;) biermnfmps1y U {(ar, bi)} € T°¢(Ng) |

where a, = %(ﬁk + agy1), be = b + by, be a table, constructed out of m and k.
Let (I',n') e W(w') be the Moeglin parameter constructed out of (1,n) by setting

l(*) =0, ﬁ,(*) =Tk »

while retaining equalities I' = 1,1 = n on I(m%)\ {k,k + 1}.

Let <' be the admissible order onw' that is constructed out of < by replacing the relative
position of {k,k + 1} with the index *.

Then, the parameter (1,n) is in the image of M<, for the A-parameter ¥, w, if and only
if, the parameter (I',1) is in the image of M., for the A-parameter 1, q.

In case the equivalent conditions hold, we have

T< (’szm, L ﬁ) = 7T-<’(¢z,m’a Lla ﬂ,) S Hﬁz,m N H':zz,m’ .

Proof. Assuming that 7~ (1. m,[,n) is well-defined, this is a particular case of Proposition
B.32[3), where <',I',n are stated in [Ato22, Theorem 5.2].
O

We say that a table m € T* is non-negative, if for all i € I(m9%), we have f; > —1.

Remark 3.3.4. OQur definition for non-negativity of A-parameters notably differs from
that of [Ato22] and other sources, where the condition [; > 0 is taken.

Proposition 3.3.5. Let < be an admissible order on a table m € T°¢(Ng). We assume
1 € I(m9) to be the minimal index with respect to <.

Let ) = 1, w € Yo(G) be the associated integral A-parameter.

Let

™= 7T-<(walaﬂ) S H:z

be a given representation.
Suppose that we have 51 € {—1,0,1}, d := min{ay, b1} > 1 and that the conditions

I(1) =0 if pr =0

(1) =0, y(l) =1 ifp=1
() =1 g()=~1 iff=-1

hold.
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Then, for any 1 < ¢ < d, we have an inclusion ™ € pr‘z . Where m. € T°¢(Ng) is the
(not non-negative) table defined as

{(ai, b3) Yicrmn g1y U (e, ¢), (d — ¢, d+¢)} if f1 =0
m., = {(ai,bi)}ig(m)\{l} U{(C"—l,C),(d—C— 1,d+C)} Zfﬁl =1
{(ai, b)) Yicrmpgiy Ui(e,e+1),(d—c—=1,d+ )} if 1 =—1

Proof. This is an explication of cases of operation (P)” in |Ato23, Theorem 3.5]. O

The following proposition fully characterizes the possible intersections of an A-packet
arising from 1, ,, for a non-negative table m € 7°¢(Ng) with any another A-packet.

Proposition 3.3.6. [At0o23, cases of Theorem 3.5]
Suppose that a representation m € 11, N Iz belongs to an intersection of A-packets, for

two distinct A-parameters 1), QZ € Uy(G).
We write ) = . and b = 1, 5 for tables m,® € T*¢(Ng), and z € Zgv.
(1) Suppose that m and m are both non-negative.
Then, a sequence m = my, My, ..., m, = M of non-negative tables in T°¢(Ng)
exists, so that inclusions

ﬁeﬂﬁm_, 1=1,...,r

hold, and so that for each 1 < i < r we can write {m;, m; 1} = {m;, M} and find an
admissible order <; on m;, under which the inclusion ™ € Hf/}‘ _, is obtained from

the parameter M~ (m) by one of the moves described in Proposition 332,
(2) Suppose that m is non-negative, while ™ is not non-negative.
Then, there exist a non-negative table w’ € T°¢(Ng) withm € Iy, an admissi-
ble order <" onw', and a (not non-negative) table ' € T*¢(Ng) which is obtained
from M_.(7) by a move described in Proposition [3.3..

3.4. Near-tempered A-parameters. We say that a table m € T° is near-tempered, if
b; € {1,2}, for all i € I(m%).

Note, that for a near-tempered table m, b; is determined by a;, for all i € I(m?), due to
the parity condition. Near-tempered tables are non-negative.

We say that an integral A-parameter v, , € Wo(G) is near-tempered, when the table m
is near-tempered.

3.4.1. Special pieces in Arthur theory. Our interest in near-tempered A-parameters arises
naturally through the proof process of Proposition [L3.1]
Given a partition A € P%¢(Ng) and a subset J C J(\), we define the near-tempered
table
my = 1 ()\ \ UceJ(C —1lc+ 1)) U {(C, 2)}ceJ € TSG(Ng) .
It is evident that

(17) p(myg) = Ty(N)
holds.
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Example 3.4.1. Taking the partition
A= (13%425°7"9%10%11) = (135 7* 9% 11) U (410) U (4 10) € P*(107) ,
we see that J(\) = {6,8,10}.
Picking J = {6,10}, would give the A-packet
Vimy, = 1N +10unedn+10y ey

(@ P+ ) Qs @+ (2 4+ ¢V @1 D1 € Wo(Sp1ge) -
IR+l +1QusQv +1Q 1R 1,)

Now, suppose that partitions A\, u € P*¢(Ng) are given so that g € Spc(A). In other
words, there is a unique subset J C J(\) with p = T;(A).
For z € Zgv, we define the L-parameter

(bz,)\,u = ¢¢zym/\,‘] S (I)u(G) .

The following lemma now gives the existence part of Proposition [[.3.1]

Lemma 3.4.2. Let ¢ = ¢, € u(G) be the L-parameter defined by partitions \, u €
PS¢ (Ng) with p € Spc(N), and z € Zgv.
Then, both identities
Oy =0y e, xo=x:0y € MlG)
hold.

Proof. The equality in U" follows from Proposition B2 and (I7).
Setting ' = A\ Uees(c — 1 ¢+ 1), we see from formula (I4]) that

¢ = ¢(z ..... 2N T qu1/2 K V. + zq_1/2 RV, .

ceJ
On the other hand, straightforward identities of infinitesimal characters show that

XZ,O;\/ = XT,Z)Z’O;/ = Xd}z,m)\ = Xd)(z ,,,,, z),A

Since @, yn = Pz, )N D eey 2@ Vem1 + 2@y (taking vy as an L-parameter neutral to
addition, if necessary), it suffices to show that 2¢"/?®@v,+2¢7?®@v, and 2@V, + 2@ Veyq
have equal infinitesimal characters, for ¢ € J.

Indeed, a direct computation through Remark shows that, as semisimple conjugacy
classes, both elements of A,(G) consist of a matrices whose multisets of eigenvalues are
described as

{2q% ., 2q7 ... 27},
all with multiplicity 2, added with {zq2, z¢~2} of multiplicity 1.

O

Theorem 3.4.3. Let A € P*S(Ng) be a partition.
Suppose that ¢ € ®(G) is an L-parameter satisfying xy = X0y, for z € Zgv, and

d(A(¢)) = d(A).
Then, a partition p € Spc(N) exists, so that ¢ = ¢, 5 .
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Proof. We denote the partition p = A(¢) € P*¢(Ng). By Proposition 2213 A, x must
share the same special piece. In other words, both partitions share the same special
partition v := TN () = T ().

In particular, p = Ty, (T"™(N)). Setting

F=TM)\ (), J=T(p) \I(A) €I,

we may shortcut the equation to the form y = T;(T7())), so that I and J are disjoint sets.
Let us denote the largest integer am.x € supp(A), and record the multiplicity k :=
m(amax, A) > 0.
We will now prove by induction on the parameter an.y, that I is empty and that ¢ =
QSwzva,J'

semisimple matrix. o

An observation that follows from Remark 2.32lis that for all eigenvalues a of S, 2log, (2 @)
are integers with absolute value < ap. — 1.

Moreover, both zqiamaTr1 appear as eigenvalues of S with multiplicity k.

We note that ay., € I always holds. Indeed, otherwise, we should have m(amax + 1, 1) >
0, which would force a summand of the form s ® v, _, 11 to appear in the L-parameter ¢,
according to Proposition 2:3.31 Thus, both s¢”~2™ and s¢~ 2" would appear as eigenvalues
of S, contradicting the previously observed bounds.

We note that same bounds on S-eigenvalues force any summand of the form s®v, . in
¢ to satisfy s = z.

Thus, an occurrence ap.x — 1 € I would have implied that m(amax, ) = k + 1, and
hence, that z ® v, appears k 4+ 1 times as a summand of ¢. That would have caused a
contradiction to the mulitiplicity of zqia"%r1 as an eigenvalue of S.

Hence, apax — 1 & 1.

Suppose first that ama.x — 1 € J (and ayay > 2, since otherwise we are done).

In this case, m(amax, #) = k. Arguing as before, we see that z ® v, . must appear k
times in ¢.

Let us write

O = (s,2io T BCrntmdin T Bt ity
in the form of Proposition 2.3.3
We construct the partition

V= M\ (af.) k is even
Tl AN\ (aFL ) U (Gmax —2) kisodd

and similarly, p’ out of u, and pf out of pp.
By construction, X, i/, g, € P*¢(N¢), for a smaller rank group G’ of same type as G.
In particular,

O = e,y F Pttt O ity € PulG)

is a well-defined L-parameter.
It is easy to verify that I C I(XN), J C J(\) and that A\(¢') = u' = T;(T7()\')) holds.
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Since Proposition implies d(y') = d()\'), by the induction hypothesis we know that
I is empty and that ¢ = waz,nw - The claim now clearly follows.

We are left with the case of a’max —1eJ.

Let us write [ = m(amax — 1, A). Again, we see that both zqiamTv2 appear as eigenvalues
of S with multiplicity I. Yet, from the assumption we have m(amax — 1, ) = [ + 2 and
m(amax, ) = k — 1.

For one, it means that z ® v,_.  appears k — 1 times in ¢. Furthermore, we see the
existence of two summands in ¢ of the form s; ® v, 1, with s; # z, for i = 1, 2.

Once again by S-eigenvalue bounds, we are forced into the situation of {si,s2} =
{247,277}

The assumption also shows that m(amax — 2, A) > 0, or that ay., = 2 (in which case, k
is even).

Assuming without loss of generality that ¢; = z¢'/?, we define an L-parameter

’ QS(Z’""Z)v“O\(aIk;l;}() +¢(C27"'7<m)7Hl\(amax—l) + gb(C;lw'vC;zl),Nl\(amax—l) k ?S Odd
¢ - QS(Z?"'?Z)vuO\(aIk;;a)li)U(amax_2) +¢(C27"'7Cm)7;Ufl\(amax—l) + ¢(C;17"'7C';L1)7,Ufl\(amax—l) k 1S even
¢(z,...,z),p0\(2k71) +¢(C27~~~7Cm),ﬂl\(1) + (}5((271’“.’0;1)7“1\(1) max = 2
in ¢,(G’), and
N = A \ (a'max —2 afnax) k is odd
AN\ () k is even
It now follows that x4y = Xz,0Y, that 7 CI(N), J' := J\ {amax — 1} € J(X). In particular,
>\(¢,> - TJ/ (TI(A,))
By the induction hypothesis, I is empty and we have ¢’ = ¢¢z,m>\,
¢ = gbwz,m)\,‘]‘

€ P°¢(Ng) .

Consequently,

Jr’

O

A particular consequence is Proposition [L3.I] which now follows as a corollary of The-
orem [3.4.3, Lemma [3.4.2 and the description of Proposition 2.2.71

3.4.2. A-packets in the near-tempered case. In what follows we exploit the near-tempered
condition to reach a higher level of precision on the composition of A-packets that are
attached to A-parameters within that class.

Proposition 3.4.4. Let < be any linear order on the set I(m9), for a near-tempered table
meTe.
We assume I(m9%) = {1 < ... < t}.
(1) If the order < is admissible, then:
o foralll<i<j<t, wehavea; <a;+1.
o [f(a1,b1) =(2,1), then 1 < a;, for all i € I(m9P).
(2) If a; < aj+1 holds, for alll <i < j <t, and (1,2) ¢ S(m), then < is an admissible
order.
(3) If a; < a; holds, for all 1 < i < j <t, then < is an admissible order.
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Proof. (1) For 1 <i < j <t, the near-tempered property implies |b; — b;| < 1. Hence,
inequalities
ﬁj_ﬁia Oéj—OéiSCLj—ai‘i‘l
hold. Yet, one of 8; — 3;, a; — o;; must be non-negative.
Assuming (ay,b1) = (2,1) and (a;, b;) = (1,2) would result in 8; > 3; and §; <0
which contradicts admissibility.
(2) By assumption §; > 0 holds, for all 1 < < t¢. Hence, it suffices to verify that both
Bi > B; and o; > a; cannot be valid simultaneously, for indices 1 <1 < j <t.
Indeed, the parity condition would have implied both a; — o and §; — 3; are no
smaller than 2. Summing the two inequalities would have resulted in 2a; > 2a; +4,
which is a contradiction.
(3) An occurrence of 5; > f; for 1 < i < j <t is impossible, since the parity condition
would have implied 3; — 8; > 2 and a; —a; > 1.
O

For a near-tempered table m € T, we say that a linear order < on I(m?) (or, on m) is
standard admissible, when a; < a; holds, for all 4 < j in I(m).

Clearly, standard admissible orders always exist. By Proposition B.4.4] a standard ad-
missible order is admissible.

Proposition 3.4.5. Let < be an admissible order on the set 1(m9), for a near-tempered
table m € T°¢(Ng), for which we assume I(m9%) = {1 < ... < t}.

Then, the function v%, in case of the A-packet ¢ = V.m € Vo(G), that was considered
in Proposition[3.31, is given by the formula

1400 = (-1
for all i € I(m9), where
ZZ:{1SJ<Z : a]:CLZ+1}U{Z<j§tp : aj:ai—l}.
In particular, when < is standard admissible, the function vf =1 is constant.

Proof. Follow from the formula in [Ato23, Definition A.1], which reproduces |[Xul7, Defi-
nition 5.2]. O

Lemma 3.4.6. Let m € T*¢(Ng) be a near-tempered A-parameter, 1 = 1, n € ¥o(G) the
associated A-packet for a choice of z € Zgv, and w € Hfl}‘ a representation.

Suppose that the character € = e¥ € :S’q\/, belongs to the subgroup g(;
Then, m must be included in the associated L-packet 11, C Hﬁ. More precisely, we have

7T:7T(¢¢,6) €H¢w .

Proof. We denote the representation 7' = 7(¢y, €) € Iy, .

We recall that according to the setup of Proposition B.0.2, we have ef, =€in :9;
Let us fix a standard admissible order < on m and write 7 = 7.(¢,[,n) and 7’ =
m(¥, ;1) in terms of Moeglin’s parameters.
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Using Proposition [3.2.2] we identify the inclusion 3,; < 31\/, with P(An)o < P(m)o.

Let ¢ € I(m9) be an index.

Suppose first that b; = 2. Since € € P(\y) < P(m)* is assumed and b; is even, we must
have €(a;, b;) = 0. Now, since fyf is trivial (Proposition B.4.5]), the formula in Proposition
B3d must imply [(i) = I'(i) = 1.

Otherwise, we have b; = 1. We are clearly restricted to [(i) = '(¢) = 0, while the formula
of Proposition B3l forces n(i) = n/(4).

Put together, we see that [ = I’ and n = 7/ hold. Thus, © and 7’ are isomorphic
representations. -

O

Let us now explicate Proposition B.3.2] and Corollary [3.3.3 on cases of A-packet inter-
sections, for the case of near-tempered A-parameters.

Proposition 3.4.7. Let < be an admissible order on a near-tempered table m € T°¢(Ng),
for which we assume I(m%) ={1 < ... <t}.
Let ) = 1, w € Yo(G) be an associated integral A-parameter, for a choice of z € Zgv.
Let
= 7T<(¢7Lﬁ) € H;?;

be a given representation.

Suppose that t > k € I(m9) satisfies one of the following conditions:

(1)

g1 — a = 2
bk = bk-i—l = 1 )
Nk+1 = Nk
(2)
g1 — ap = 2
b, =br1 = 2,
lk+1 + I =1
(3)
g1 —ar = 3
lhpr=10 = 0 ;
Mk+1 = (‘Dbknk
(4)
aps1 —ap = 4
by =bpy1 = 2
lkri=10 =0
Mke41 = Tk

Here, we shortcut notation to l; = (i) and n; = n(i).
Each such case gives rise to a table m' € T°¢(Ng), for which m € H{;Z -



WEAK ARTHUR PACKETS ARE WEAKLY SPHERICAL 43

In case (), we have

m' = {(as, i) iermn i1y U { (@, b0)}
so that (a., by) = (ax + 1,2), and we may write

T™E Ty (,lvbz,m’a Lla ﬂ,) )

where the order <" on w' is constructed out of < by replacing the relative position of
k < k+ 1 with the index *, and setting

U(x)=0, n'(x)=m,
while retaining equalities I = 1,1 = n on I(m%)\ {k,k + 1}.
Proof. 1t is straightforward to verify that the near-tempered restriction of
(bi,1;) € {(1,0),(2,0),(2, 1)}, VO <i <,

forces all instances of cases ([l) and (2]) of Proposition to incarnate as case (2)) of our
current statement.
Case ([3) of Proposition is now explicated into the three remaining cases. In par-
ticular, case () falls under the scope of Corollary B.3.3] which is explicated by m.
O

Corollary 3.4.8. Suppose that m' is a table obtained out of a table m € T*3(Ng) using
one of the procedures described in Proposition [3.3.2.

If m is non-negative and w' is near-tempered, then m must be near-tempered and w’ is
obtained through an application of the case ({l) of Proposition[3.7 on m.

Proof. 1t is evident from the description in Proposition B.3.2] that for each i € I(m%),

there must be i’ € I(m'9?) with b; < by. Hence, m must be near-tempered.
Similarly, we that each of the cases (2)), ([B]), (@] of Proposition B.4.7 produces i" € I(m’9P)
O]

We are set to explore the intersections of A-packets that arise from a tempered parameter
with A-packets that arise from near-tempered A-parameters.

In the following lemma, characters €% € S/wz: , for tempered representations m € pr‘z .
defined by a partition A € P*¢(Ng) and z € Zgv, are treated as boolean functions on
S(A), according to the identification Sy, , = P())o of (1G).

Lemma 3.4.9. Let A\ € P*¢(Ng) be a partition, and z € Zgv. Let ) = 1, n, € ¥o(G) be
the associated tempered integral A-parameter.

Let J C J(A) be a subset, and ¢' = 1. n, , € Wo(G) be the associated near-tempered
A-parameter.

The following properties hold.
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(1) There is an equality
Hﬁﬂﬂﬁ, ={r e Hﬁ D t(€)) £1, Ve e J},

with t. defined as in (§]).
(2) Let <o be a standard admissible order on my ;.
For any representation 7 = w4, (', 1,n) € H{g N Hﬁ,, and any i € I(m’;), we
have [(i) = 0, and

(“1) D) = (<) @D =) if b =1
eV (a;,2) =1 if by =2

Proof. We first give a proof of the first part, out of which the second readily follows.

Suppose that = € Hﬁ is such that t.(e¥) # 1 holds, for all ¢ € J.

Let us write 7 = 7, (¢, 1% n), with [° = 0, and <, a standard admissible order on m.
Propositions B3] and B.4.5 show that (—1)#(‘“’1) = n(¢) holds, for all i € I(m$"), in this
case. B

Hence, 7(i) = —n(j) holds, for all i, j € I(m{’), with a; + 1 =a; — 1 € J.

By successive applications, for each ¢ € J, of case (@) of Proposition B4, we can now
arrive at an inclusion 7 € 117},

Conversely, suppose that we have m = m_ (¢, ', 1) € Hf/}‘ N Hﬁ,.

By Proposition B.3.1] we see an equality

(18) e (ai,2) =1-1(i) ,

for any ¢ € I(m$") with a; € J.
Let us denote the set

J ={ceJ :l(i)=0, when a; = c} .

Hence, I'(i) = 1, for all i € I(m$’)) with a; € J\ J".
Successively applying Corollary B33 (that is, case (Il) of Proposition B4 in reverse),
we see that

T = a1 ") e Hﬁ// :
for " =4, m, ., with I"(d) = I'(q), for all i € I(m{’}, ;1), such that a; € J\ J', and

(19) n'(i) = —n"(j) ,
for all 4, j € I(mf’), ), with a; + 1 =a; —1 € J"

From equation (I8) we now see that €% (c,2) = 0, for all ¢ € J\ J'. Thus, €" lies in the
subgroup P(T)p (X)) of P(my y\r), and by Lemma .46 we must have 7 € Iy,

Since L-packets are disjoint and Hﬁ = Ilg, is tempered, we must have ¢ = " and
J=J.

Consequently, when identifying (—1)# with 7 as before, we deduce t.(e%) # 1, for all
c € J, from the condition in equation (I9)). O
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3.4.3. Further refinement. In order to advance towards the proofs of our main theorems,
we need to gather some refined information regarding Moeglin parameters and Arthur
characters of representations found in intersections of A-packets.

The following lemma sums up phenomena that were detected in [Xu21].

Lemma 3.4.10. Let < be an admissible order on a near-tempered table m € T°¢(Ng), for
which we assume I(m%) ={1 < ... <t}.

Let ) = 1, w € Vo(G) be the associated A-packet, for a choice of z € Zgv.

Suppose that 1 < k <t is such that (ax,by) = (a,2), for a > 1.

Let

T (L) €T
be any representation with I(k) = 0.
Ifaj_y < a— 1= agyy holds, then (—1) (@11 = n(k).
If a1 = a+ 1 < apyq holds, then (—1)#(‘”171) = —n(k).

Proof. In the former case, since the parity condinition forces byy; = 1, it follows from
[Xu21, Lemma 5.7] that n(k + 1) = —n(k).

By Proposition B.44, we know that a — 1 < a; holds, for all k + 1 < j, and that
a; < ap—1 +1<apy, forall j <k -1

Thus, we have an equality Z.; = {k}, for the set that was defined in Proposition B.4.5]
and fyf(k + 1) = —1, by the same proposition.

The claim now follows from the formula of Proposition B.3.1]

In the latter case, [Xu2l, Lemma 5.6] shows n(k—1) = n(k). The claim follows similarly
from Z,_, = {k}.

O

Lemma 3.4.11. Let A\, z, J, 1,4 be as in Lemma[3.4.9
Let < be any admissible order on the near-tempered table my ;, and

m=m(y L) € )NII,
a representation.
If k € I(m3")) is such that b, = 2 and [(k) = 0, then
(_1)#(%—1,1) _ n(k) _ (_l)ﬁﬁ(ak+1,1)+1 )
Here, we may take €2(0,1) = 0 if necessary.

Proof. Let us assume I(m$’)) = {1 < ... <}, and write a = a.
We first treat the case of a > 1.
It follows from Lemma B.49 that €¥(a —1,1) =1 — e¥(a + 1,1).
If either agy1 = a — 1 or a1 = a + 1 hold, the claim follows from Lemma [3.4.10
Otherwise, by Proposition B.4.4, we are left with the case of ay_1 < a < agy;.
Arguing by Corollary B.3.3 we see an inclusion

= <, (w//vé*uﬂ*) S H;?;” )
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for " = 2 my ;1 jay-

Here, <, is an admissible order on the table my 5 (4}, that is constructed out of <, by
replacing the relative position of k with (ay,b,) = (a — 1,1) <, (a4 1,1) = (@, bss). The
parameter (1,,n ) € W(my n(a}) is constructed out of (I,n) by setting 1 (*) = n(k) and
ﬁ*(**) = —ﬂ(k).

Using the formula of Proposition 345 it is evident that 4% () = 1. From Proposition
[3.3.1] we then have

"

(—1)F @D =g (%) = (k) .

Yet, from part (2) of Lemma we know that €’(a — 1,1) = €"(a — 1,1), and the
statement follows.

The case of a = 1 needs to be treated with a slightly different argument.

First, we know that £ = 1 (Proposition 3.4.4]). We take <, to be the admissible order
on my y (13 constructed out of < by replacing (a1, b1) = (1,2) with (2, 1).

We know that = € II# , from the first part Lemma Hence, we may write

R WARE!

T ="Tx, (Qbmz,k,(]\{l}al*a ﬂ*)

Also, by same lemma, we have t;(¢¥) # 1, which implies €/”(2,1) = €¥(2,1) = 1.

By Proposition 345, 7% (1) = 1. Hence, it follows from Proposition B3.1 that n (1) =
—1.

Thus, the inclusion © € H{g, may be obtained out of 1) as a case of Proposition B.4.7
In particular, from injectivity of M~ we conclude that 7(1) = —n (1) = 1.

U

3.5. Weak Arthur packets. Let us recall Definition [LT.Tlfor a weak Arthur packet I1¥ v
that is attached to a unipotent conjugacy class OV € U" and a possible sign z = =+1.
We also recall that according to Theorem 2.3.5, all representations 7 € Irr,__, (G), for

z € Zgv, admit an algebraic wavefront orbit WF(7) € Np.
A following consequence is now evident.

Proposition 3.5.1 (following [CMO23al]). For a partition A € P*¢(Ng) and z € Zgv, we

have
HZOX ={m € Irrxz’ox(G) : WF(m) = Oq0n }

={m el (G) : dMoen)) =d(A)}

and an inclusion 11, oy C IIY v holds.
) YN

Proof. The duality d, viewed as a map UY — N between sets of orbits, is known to be
order-reversing, with respect to the Zariski topological order.

Hence, it follows from Lemma 2.3.4] that for any L-parameter ¢ € ®(G) with infinitesi-
mal character x4 = X. 0v, the Zariski closure of the orbit Og(4)) contains Ogy).

In particular, by Theorem 2.3.5] for any 7 € Irr, oy (G), we have

WF(?T) = Od(A((ﬁ(ﬂt))) = dim(WF(ﬂ')) > dim(Od(A)) :
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The last implication employs the fact that h"rxz,ox (G) is closed under the Aubert involution.
Yet, we also know that for ¢ = ¢y, . = ¢, .-, We have x4 = x. 0y and A(¢) = A.
Hence, by same theorem, WF(7") = Ogy), for all (tempered) m € II, = Hiymk.
By Proposition B.2I[3) and Proposition B.0.I] that can also be stated as an equality

WE(7) = Ogn), for all representations 7 € Hz,OX in the qausi-basic A-packet.
O

We now explicate certain unions of A-packets, arising from near-tempered parameters,
in terms of the Langlands reciprocity (i.e. as unions of L-packets).

Proposition 3.5.2. Let A € P*¢(Ng) be a given partition.
Then, for any choice of J C J(\) and z € Zgv, an equality

A _
U sz,m%], - |_| H(bz,A,TJ(A)
JCT JICJ
of sets of integral representations in Irrg(G) holds.

Proof. We write ¢ = 9., ;. Arguing by induction on the cardinality of J, it suffices to
prove the containment
A A
) CI,, u | Jn -
JCT

g

Let m € H{g be a given representation.

Suppose first that e¥ € g(; By Lemma B.4.6] we have m € I, .
Otherwise, using the identification of Proposition B.2.2 we treat € as a boolean function
on the set

S(m) = {(¢e, D) }eesr,ny) U{(6,2) }ees

with the condition of not being contained in @; amounting to the support of €/ not being
contained in {(c, 1)}ces(r, () -

In other words, there must exist a € J, for which €% (a,2) = 1.

Let us fix a standard admissible order <" on the near-tempered table m, ;, and write
T=n(,0U,n).

Since the function vf, is trivial by Proposition B.4.5] the formula in Proposition B.3.1]
implies an equality €f(a,2) = 1+ 1'(i), for the index i € I(m§’;), such that (a;,b;) = (a,2).
Thus, I'(i) = 0.

Appropriately constructing (I,7) € W(my n (q3) out of (I',7’) and an admissible order <
on the table my y\ 4 out of </, Corollary B.3.3 now implies that

N A
™= 7T<(¢mz,1\{a}’1’ ﬂ) < Hd’mz I\{a}
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3.5.1. Proof of Theorem [B. Given a partition A € P*¢(Ng) and z € Zgv, we see from
Proposition B.5.1], Theorem [B.4.3] and Lemma B.4.2] that an equality

(20) || o, ={r":m¢€ 1y}
peESpe(A)
holds.
Adding in Proposition B.5.2] and recalling compatibility (Proposition B.0.1]) with Aubert
involution, we may write

w A
(21) 2703\/ = U H(wZ,mA“])t '
JCI(N)

Finally, from a geometric perspective, given any classes OY, O € UY with Of €
Spc(OV), by Proposition [2.2.7] there are partitions g € Spc(A) so that O¥V = OY and
Oy =0Y

e
We then define an L-parameter
02,0v,0y = Gz = Ppom, , € Pu(G),
where J C J(A) is such that g = T;()), and an A-packet
A
(22) HZ,OV,O}/ = H(wzv‘“A,J)t 3

coinciding with the definition of ().
In these terms, the equalities (20) and (2I) now amount to the statement of Theorem

Bl

3.6. Weakly spherical A-packets. In order to establish Theorem [D| we first examine the
structure of A-packets that contain those tempered representations that are Aubert-dual
to the formally weakly spherical representations.

Namely, for a partition A € P*¢(Ng) and z € Zgv, we set the tempered A-parameter
Y =Y, m,, and define the set

Hi)\ ={re Hf/}‘ e e AT(0))}

of tempered representations.
Here, we identified AT(OY) as a subgroup of the character group S, using (I3).

Lemma 3.6.1. Let A € P*¢(Ng) be a partition, and z € Zgv.
Let J C J(X) be a subset, and V) = V. m,, ¥ = .m, , € Yo(G) be the associated near-
tempered A-parameters.
Let < be an admissible order on the table my s, for which we assume I(m%’;) = {1 <
... =<t}. Let
m=ms(,Ln) € H;?;' N Hf,x

be a given representation.

Suppose that t > k € I(mi’i]) is an index with ap — ap = 2.
Then,
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(1) If by, = bey1 = 1 and n(k + 1) = —n(k) hold, then necessarily ar, +1 € J(\) \ J.
(2) If by, = b1 = 2 holds, then l(k+ 1) + 1(k) # 1.

Proof. Let us write a = a; + 1.
The formula of Proposition [3.4.5] gives

(28) (k)= ()ROSR ¥y = (st

We prove the first part: Suppose that we have b, = br11 = 1 and n(k + 1) = —n(k).
Proposition [3.3.1] shows the equalities

w/ a ! Ew/ a 1 !
(=) @D =58 (k)y(k),  (=1) @D =8 (k + Dk + 1) .

Here, we formally set €%(0,1) = ¢¥'(0,1) = 0 and ~¥ (0) = 1, if necessary.

In combination with Lemma B.4.9[2]), we obtain
(24) (=) F DL (k) = (1) F O (4 1)

Suppose first that a & J(\).

In this case, when a # 1, we must have p(a;,) = p(ax+1), where p : S(\) — ST()) is the
projection map (Section [2.2.2)).

Thus, when identifying AT(OY) with PT(\)y (Proposition B.Z2), we see that ¥ (ay, 1) =
€?(ars1,1). The same conclusion follows in the a = 1 case from Lemma 2.2.10

Since a & J, we have a; # a for all 1 < i < ¢, implying that 7% (k) =% (k+1) = 1 by
([23). We reach a contradiction to (24]).

It follows that a € J(\).

Suppose now that a € J. That means there is a unique 1 < iy < ¢ with a = a,,. Hence,
¥ (k) = =% (k + 1) must follow from (Z3).

Yet, from Lemma we know that t,(e?) # 1. This fact implies €/(ag,1) = 1 —
€’(ary1,1) and contradicts (24)) again.

We prove the second part: Let assume the contrary, that is, by = by = 2 and I(k +
1) +1k) =1

In this case ap = a — 1,ax41 = a+ 1 € J. By Lemma 2.2.9] the multiplicity m(a, \)
must be even.

By Lemma B.4.9(2), we have

Ef(ak’ 2) = Efl(ak—i-l’ 2) =1.
Adding in the equation of Proposition B.3.1}, we see equalities
k) = (=1 Y (4 1) = (1))

which together with the assumption imply 7% (k)v% (k + 1) = —1.
From (23]) we see that #{1 < i <t : a; = a} is odd. That in particular implies, using
(I7), that the multiplicity m(a, T;(\)) is odd.
Consequently, m(a, A) = m(a,T;(\)) + 2 is odd as well, providing a contradiction.
U



50 MAXIM GUREVICH AND EMILE OKADA

Theorem 3.6.2. Let A € P°¢(Ng) be a partition, and z € Zgv. Let ) = 1, m, € VUo(G)
be the associated tempered A-parameter.

Suppose that ' € U(G) is an A-parameter, so that the intersection 114, N Hi/\ is non-
empty.

Then, a subset J C J(A\) must exist, so that V' =1, m, ;.

Moreover, the set of representations Hﬁ, N HiA consists precisely of those tempered rep-
resentations T € Hﬁzm, for which the character ¢ € AY(OY) is O, (n-primitive.

Proof. The last statement is a consequence of Lemma [B.4.9|(I]) and Proposition 2.2.12]

Assume the contrary, that is, that ¢’ is not of the desired form.

For the intersection to be non-empty x4 = Xy must be satisfied. In particular, a table
m’ € P*¢(Ng) exists, for which ¢/ = ¢, v (Proposition [3.2.]).

Suppose first that m’ is non-negative.

By Proposition B.3.0l[1]) we deduce that there is a set J C J(\), an admissible order <
on my ; and an A-parameter " = 1, n» € ¥(G) not of the form Ve, for any J CJN),
so that

=T (?ﬂz,m,pl’ ﬂ) € 1

A
smy g N Hw//
holds, and the inclusion 7 € Hﬁ,, is obtained out of M. (m) through an application of one
of the moves described in Proposition [3.4.7]

Let us assume I(m{’;) = {1 < ... < t}, and that t > k € I(m{’;) is the index for which
the move to produce the inclusion 7 € Hﬁ,, is performed.

If apy1 — ar = 2, confronting cases () and (2)) of Proposition B.4.7 with Lemma [3.6.1]
implies that a € J(A)\J and that m” = my juge). This is a contradiction to our assumption.

Hence, we are left with cases ([B]) and (4)) of Proposition B.4.7. We assume that

arv1 — ay € {3,4}
Ik + 1) = 1(k) = 0
n(k +1) = (—=1)*n(k)

We may also assume, without loss of generality, that b,; = 2, since analogous arguments
are valid with roles of k, k + 1 switched.

In particular, azy; € J. By Lemma BZ9[2) we have ¥’ (ags1,2) = 1. Then, from
Proposition B3.1, we also have 7% (k + 1) = 1.

Therefore, by Proposition the number of indices 1 < ¢ <t with a; = a1 — 1 is
even. This implies that the multiplicity m := m(agy1 — 1,T5(N)) is even.

Let us take note of the identity

(25) (1)@ =D — (k4 1)

that follows from Lemma [3.4.11]

We assume first that a;,1 — 2 € J(N).

By Lemma 220 this assumption forces m(ag.; — 1,\) to be even. That can be the
case, only when ay 1 — 2 € J and m(ag1 — 1,\) = m + 2.
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Since < is admissible and (ag+; —2,2) € S(m, s), we see that a; = ap+1 — 3, and by, = 1.
Moreover, v (k) = —1 follows from Proposition 343

Hence, applying Proposition B.3.1] again, together with the assumption and (25]), we see
that

(=1) et = —n(k) =k +1) = (~1)Feent.

By LemmaB.Z9(I), we also have t,,,,_»(e¥) # 1. In other words, €% (ax, 1) = 1 — €% (ar+1 —
1,1), which is a contradiction.

Now we assume that apy — 2 € J(A).

Since agy1 — 1, a1 — 3 € S(A) are valid in all cases, ayy1 — 1, axr1 — 3 must share the
same block in ST(\) in this case.

In particular, since 7 € Hi , 1s assumed, we must have
(26) Ef(@kﬂ —3,1) = e (aps — 1,1) .

™

If a, = ap1 — 4, this is a contradiction to Lemma [3.4.1T1
Otherwise, a; = ag+1 — 3, and reasoning as before, we have, 'yf (k) = 1 because of
(ag +1,2) & S(m, ;). Similarly, that implies (—1)4(“’“1) = —n(k + 1), which contradicts

([25) and (20).

Finally, suppose that m’ is not non-negative. In this case, we apply Proposition B.3.06l[2I)
to produce a constellation of the form

= 7T_<('¢,£,ﬂ) € Hg mH:z” )

where IZ = 1,5 € Uo(G), for a non-negative table m, < an admissible order on m, while
V' = 1, w € V(G), with a not non-negative table m”, is produced out of (I,7) using a
move described in Proposition [3.3.5 B

The first part of the proof implies that m = m, ;, for a subset J C J(\).

We retain the notation of I(m{’;) = {1 < ... < t}.

The possible moves of Proposition become limited to only two cases.

One case is that of (ay,b1) = (2,2) and [(1) = 0. The other case is that of (ay,b1) = (3,2),
[(1) =0and (1) = —1.

In the former case, we have 2 € .J, which means that the multiplicity m(1,\) =
m(1,T;(\)) + 1 is even.

In the latter case, from Lemma [B.Z.11] we see that ¢/(2,1) = 1. By Lemma 2210, and
the inclusion 7 € Hg/\, that implies 1 € J(\). Since 3 € J(\) as well, Lemma forces
m(2,\) =m(2,T;(\)) + 1 to be even.

We see that in both cases #{i : a; = a; — 1} is an odd number. By Proposition B.4.5]
that means 7% (a1, by) = —1.

Yet, by Lemma BZIE) €¥(as,b;) = 1 and we see a contradiction to the formula of

Proposition B.3.11
O
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3.6.1. Proof of Theorem [D. Let OV € UV a unipotent conjugacy class, z € {+1} a sign,
) € P*¢(Ng) a partition, and € € AT(OY) a character.
Let
0= 5(Z, O;\/, E) S HZ@X
be the resulting (formally weakly spherical) anti-tempered representation.

By construction of Corollary B.0.3] we see that ¢° € Hg \-

Let ¢ € ¥(G) be an A-parameter.

Since the A-packet pr‘t consists of the irreducible representations that are Aubert-dual
to the constituents of H{g (Proposition [3.0.1]), we see by Theorem [3.6.2] that ¢ € Hfz holds,
if and only if, ¢* = 4., ,, for a subset J C J(A), such that € is O%J(/\)-primitive.

Indeed, the latter condition is equivalent to ¢ € HZ7OX’O¥J(A) (as defined in (22)).

Theorem [Dl now follows, pending the parameterization of Hj’gv given by Theorem [C]

which is proved independently in the following sections.

4. REDUCTION TO SPRINGER THEORY

The remainder of this work is devoted to a proof of Theorem

We translate the problem of detecting weak sphericity in the anti-tempered A-packet
IIov, for OV € UV, into a property of corresponding Wg-representations that arise in the
cohomology of Springer fibres.

4.1. Springer representations. For a conjugacy class OV € U, we set the Springer
fibre Bov to be the projective complex variety of Borel subgroups of GY(C) that contain
a fixed representative u € OV.

The Springer representation |[Spr78| is a linear action of the finite Weyl group W¢ on
the finite-dimensional complex cohomology space

dov

H*(Bov) = @ H'(Bov) .

Here we mark H%" (Bov) as the top degree, for which the space is non-zero.

The action of the centralizer group of u on the variety Bov, naturally produces a linear
action of the component group A(O") on same cohomology space H*(Bov). In fact, the
actions of W¢ and A(OV) commute.

—

Thus, for any irreducible local system e € A(OV) on OV, the space
(0", €) := Homyov) (€, H* (Bov)) ,

when non-zero, is a Wg-representation.
Special attention of Springer theory is typically drawn to the sub-representation given
by the top degree cohomology space

o(0Y, €) :=Homyov) (e, H" (Bov)) < (0, e),

When non-zero, o(OV, €) is an irreducible Wg-representation. The local system ¢ is said
to be of Springer-type in this case.
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Moreover, each irreducible complex Wg-representation o is isomorphic to a Springer
representation o(0V,€), for a unique pair (O, ¢,) := (OV¢).

For any e € A(OV), we also write X(OV,¢) for the representation of Wg obtained from
inflating ¥(OVY, €) through the projection p : Wg — We.

4.2. Iwahori—-Matsumoto theory. In order to compare the p-adic group situation with
the Springer construction, we now revisit the setup of Section 2.1.1] while recalling further
details of the Iwahori-Matsumoto theory ([IM65], see also [ACR21]).

4.2.1. Lie theory. The choice of maximal torus 7" for the F-split simple group G, produces
a root datum (X,Y, R, RY), where R denotes the set of roots in the algebraic character
lattice X, and R the set of corresponding co-roots in the the algebraic co-character lattice
Y.

Our choice of the Iwahori subgroup I < G also pins down a basis of positive roots
IT C R. We denote by s, € W the reflection given by a root o € R and view (Wg, S) as
a (finite) Coxeter system, with S = {s, | a € II}.

An identification of the Weyl group W with the quotient N(Go,,To,)/To, < Wg
of the normalizer subgroup, and of the group 7'/Ty, with Y, sets up a splitting for the
projection

pZWGgWGKY — Wg.
Through this identification, the subgroup

W, = Wg x ZRY < Wg
is visible, to which we refer as the affine Weyl group.
Taking the highest, relative to II, root ag € R, we write s := (Say, —y ) € W.
Then, (W,, S*) becomes an (affine) Coxeter system, where S* = S U {s}.
When G is a symplectic (simply-connected) group, an equality W, = Wy is valid. In
general, we take note of the subgroup
Q= (N(G, To, ) N N(G, 1))/ To, < We |

which is isomorphic to Y/ZR".
A decomposition
’WE =W, xQ
holds. Moreover, the group €2 acts by conjugation on the set of Coxeter generators S for
W,.

4.2.2. Compact subgroups. It follows from the Iwahori decomposition of (&) that any com-
pact subgroup I < K < G gives rise to a finite subgroup

Wik = (KN N(G,To,))/To, < We ,

so that a decomposition

(27) K= || Iewlg
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holds.

Theorem 4.2.1. [IM65, Theorem 2.27]

(1) For any compact subgroup I < K < G, let us denote the group Qx = Wi N Q
and the set Jx = W NS Let W}, < W, be the group generated by Ji (so that
(W, Jk) is a finite Coxeter system).

Then, the conjugation action of Q normalizes Wi, and an equality

Wi = Wi x Qi < We

holds.

(2) For any subgroup ) < Q and a proper subset J C S*, stable under the Q) -action,
there is a compact subgroup I < K < G with (g, Jx) = (', J).

(3) [ACR21, Section 6.1] A compact subgroup I < K < G is mazimal, if and only if,
S — Ji is a single non-empty Qg orbit, and Qi = Stabg(Jk).

Note, that since Wi is a finite group, while the kernel Y of the projection p : /W\/g — Wa
is torsion-free, we may naturally identify

(28) Wi = Wy = p(Wk) < Weg

with a subgroup of the Weyl group.
Let us also take note of the subgroup Wi, = Wy, := p(W}) < Wk, so that Wy /Wj. =
QNK.

4.2.3. Unramified characters. Suppose that ( : G — C* is a group character, for which
the restriction (|, is trivial.

With the previous setting in place, ¢ factors through a character of Wy and consequently
produces a character of the subgroup /WK < Wg.

We denote that character as Z K /WK — C*.

Lemma 4.2.2. For any compact subgroup I < K < G and a group character ( : G — C*
for which (|, is trivial, the restriction (QK)|@< is trivial.

If {|k is non-trivial, then (i is non-trivial.

Proof. By the Iwahori decomposition (27)), a non-trivial (| must factor through a non-
trivial character of Wi.
Yet, by [IM65, Proposition 2.20] the commutator subgroup G’ < G satisfies

G/IG = |_| [G’UJ]G .

wGWa

Thus, ¢ must factor through the quotient WG/ W, = Q. U

4.3. Classical groups specifics.
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4.3.1. Maximal compacts subgroups of classical groups. It will be useful to explicate further
the Iwahori-Matsumoto theory for the specific groups G of our interest.

Viewed as algebraic characters of the torus T of diagonal matrices, the simple roots
II ={ai,...,an,} are realized as

; (diag(an, . .., ang)) = aia;y, i=1,...,ng — 1,

and oy, (diag(as, ..., a,,)) = ay,, (for orthogonal G), or = 2a,,, (for symplectic G).
We then write S = {s1,..., Sn,}, With s; = s,,, for the generators of W.
The resulting affine Coxeter system (W,, S*) corresonds to the affine Dynkin diagram

(29) o———0——&—&6—=—0 .

So S1 S92 Sng—2  Sng-1 Sng

in the symplectic case, or to the diagram

———&——9

Sng—2  Sng—1 Sng

(30)

in the odd orthogonal case.
Recall again that the group €2 is trivial in the symplectic case.

For odd orthogonal G, € is a two-element group, whose generator we denote as w € WE
The action of w on W, is given by the non-trivial automorphism of the diagram (30).
Thus, the specification of Theorem 2.TI[3]) onto our case provides the following.

Proposition 4.3.1. (1) In the case of G = Spy, . (F), the set of maximal compact
subgroups of G that contain I is described as Ko, ..., K,., where

) ng’
(QKNJKi):({l}aSa_{si})a 1=0,1...,n¢g,

is their Twahori-Matsumoto parameterization as in Theorem[{.2.]]
(2) In the case of G = SOqp,11(F), the set of maximal compact subgroups of G that
contain Iq is described as Ky, . .., K, ., where

) ng’
(QKi,JKi):(Q,Sa—{Si}), ’i:2,...,ng,
and,
(QKO’ JKO) = ({1}a S — {80})> (QK17 JK1) - (Qa S — {SOa 31}) >

is their Twahori-Matsumoto parameterization as in Theorem[{.2.1]

The enumaration of maximal compacts subgroups in Proposition .31l now agrees with
the matrix description of Section 2.I1.1l
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4.3.2. Signed permutations. As preparation for the combinatorial analysis of Springer rep-
resentations in Section [6] we would like to explicate the structure of W and of its subgroups
of the form Wy, that arise from maximal compact subgroups of G.

Definition 4.3.2. For an integer n > 1, let W,, be the group of signed permutations on
n letters. This is the group of permutations o of the set of indices {£1,...,+n}, which
satisfy o(—i) = —o (i), for all1 < i < n.

Let sgn® : W,, — {&1} be the quadractic group character given by
sgn* (o) = [ [ sen* (o (i) ,
i=1

where sgn® (i) = 1ifi > 0 and = —1 if i <0.
Let W/ < W, be the kernel subgroup of sgn*.
A natural isomorphism

(31) WG = WTLG
appears, when identifying s; € S with (¢, ¢ + 1)(—i, —(¢ + 1)) € W, (in cycle notation),
for each 1 <i <ng—1, and s,, € S with (n, —n) € W,..

Let us denote the element §; := p(sg) € W, viewed as a signed permutation, as well

as W := p(w) € W,,, in the case of orthogonal G.
Since the highest the root ay € R is given as

ap (diag(ay, . .

Y

an)) = a?  symplectic G
e’/ ajag  orthogonal G

we see the description

.1 -1 symplectic G
0= (1, =2)(—1, 2) orthogonal G
Observing the action of w €  on the affine Dynkin diagram in the orthogonal case, it is

easy to verify that w = (1, —1).

Proposition 4.3.3. For each 1 < i < ng, the identification ([B1)) sends the subgroup
Wk, < Wea to the subgroup

Wigii={0€ Wy, :o({£l,---+i}) C{£l,...,Li}} < W, .
A factorization W, ; = W; x W,,_; holds, through which we denote the subgroup
WX Wi EW, o < Wi

cg—t — YWng,i

In the case of orthogonal G, the identification ([31)) sends the subgroup I//V\[’Q < Weg to the
subgroup W, . < Wh.,.

nag,t

Proof. In the symplectic case, by Proposition 431 the group Wk, for 1 < i < ng, is
generated by {So} UIl — {s;}.
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In the orthogonal case, by Proposition [4.3.1] the group Wk, for 2 < i < ng, is generated
by {@, S0} UIl — {s;}, while Wk, is generated by {&} UII — {s;}. The subgroups I//(-/\[’( are
obtained similarly when omitting the generator w.

The statement now follows from our description of generators in terms of signed permu-
tations. 0

We also write W), o = W,,,, which is then identified with /WKO = W
4.4. Anti-tempered weakly-spherical spectrum. The effective description of compact
subgroups of GG of previous sections allows for a reduction of the study of invariants of anti-
tempered G-representations into properties of associated Springer representations.

The following theorem will be proved in Section [6 through methods of categorical equiv-
alences arising from affine Hecke algebras.

Theorem 4.4.1. Let I < K < G be a compact subgroup, and /WK < Wg its corresponding
subgroup from (28)).

Let ¢ be a complex group character of G, which is trivial on Ig. Let ZK be resulting group
character of WK.

—

Let ©OY e UY and e € A(OV), be choices of a unipotent conjugacy class and a character,
for which the anti-tempered representation

5(1, Ov, 6) € 11 ov

possesses non-zero Ig-tnvariant vectors.
Then, the equality of dimensions

dim Homyg; <EK,2(OV,E)) = dim Homg (¢, 6(1, 0V, ¢€))
holds.

—

Corollary 4.4.2. Let OV € U and e € A(OV), be choices of a unipotent conjugacy class
and a character, for which the anti-tempered representation

5(1, OV, 6) € HI,OV

possesses non-zero Ig-invariant vectors.
Then, for allt=0,...,ng, the equality of dimensions of invariant spaces

dim 2(0Y, e)"rai = dim 6(1, 0V, €)™

holds, when the identification Wg = W, is assumed.

In the case of orthogonal G, when the quasi-basic A-packet I1_1 ov is defined, the equality
dim Homyy, _ ,(sgn™ M triv, $(0Y, €)) = dim 6(—1, 0", )

i

holds, for all i = 0,...,ng, when the quadratic character sgn™ X triv is taken under the
decomposition W, i = Wi X Wy —;.
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Proof. The first statement follows from Proposition 4.3.3] when taking trivial ¢ in Theorem
141l

In the orthogonal case, ko(w) = —1, since kg is non-trivial.

For 0 < i < ng, we have w € Wg,. Thus, Lemma claims that £g g, must produce a

non-trivial character of /WKZ / /W[’Q According to Proposition [£.3.3] that claim amounts to
Yk, = sgn® X triv under the identification of WKZ. with W, ;.
For i =0, I//V\[’{O = WKO, while both <pg, and sgn® X triv stand for the trivial character.
The second statement now follows similarly when taking ( = kg in Theorem [£.4.1] and
recalling that 6(—1,0Y,€) = ko ® (1,0, ¢).
[

The Green theory analysis of Springer representations in Section [0 produces the following
result.

—

Theorem 4.4.3. Let OV € UY and € € A(OV), be choices of a unipotent conjugacy class
and a character, for which the Springer representation o(OY,€) is non-zero.

In the case of symplectic G, an inclusion ¢ € AT(OV) holds, if and only if, there exists
an indexr 0 < i < ng, for which

SOV, e)Wrei £ {0} .

In the case of orthogonal G, an inclusion € € AT(OV) holds, if and only if, there exists
an index 0 < 1 < ng, for which

Homyy, . (sgn® R triv, 5(0Y,€)) # {0} .

7

A direct consequence of the combination of Theorem with Corollary is that a
representation in the anti-tempered A-packet Il ov, for any OY € U, is weakly spherical
(Definition [[LT.T)), if and only if, it is formally weakly spherical (Definition B.1.2]). The last
statement is equivalent to Theorem

5. HECKE ALGEBRAS

Our aim now is to prove Theorem [4.4.1] by means of the representation theory of Hecke
algebras. The key advantage of this approach is that a move into an algebraic setting
allows for a rigorous limiting process ¢ — 1, where ¢ is the cardinality of residue field of
F. In the limit we recover the Springer theory setup.

In greater detail, for a maximal compact subgroup I¢ < K < G, we describe a C[v, v™1]-
algebra H, which interpolates between G-representations in basic A-packets and Springer
representations of W, in the following sense. For an anti-tempered representation 6 €
Ipv, a H-module M(4) is constructed, whose specialization at v = ,/q describes the
decomposition of §|x, while its specialization at v = 1 describes the decomposition of
E|@ for the corresponding Springer W-representation .

However, it is not a priori clear that M(J) is unique and that its decomposition as a
generic module governs both of the multiplicities which we would like to compare.



WEAK ARTHUR PACKETS ARE WEAKLY SPHERICAL 59

Indeed, we prove that claim in Section (.2l by showing that in the class of extended
Hecke algebras, to which H belongs, there is in fact a distinguished isomorphism between
the specializations Hy, H 5 (a construction which goes back to [Lus81h]).

5.1. Algebraic reduction.

Definition 5.1.1. For a subgroup Ig < H < G, we denote the Iwahori-Hecke algebra ¢
to be the space of compactly supported functions f : H — C, for which

f(Zlh’Lg) = f(h), Vil,’bj S [G, he H

holds, endowed with the convolution associative product

(e )W) = [ fi@)ala ) e
H
Here, dx stands for the Haar measure on H, normalized so that I has volume 1.

5.1.1. Categorical equivalences. Let (m,V') be a smooth representation of either G = H or
of a compact subgroup Ig < H < G.

There is a natural action of the algebra .%#% on the finite-dimensional space V7’6 of
Ig-invariant vectors, given by

Gprv = L¢(x)7r(:c)vd:c, €My, veVl.

We denote by 7/ the resulting .7##%-module.

Let Repy(H) to be the full subcategory of smooth complex H-representations that are
generated by their Ig-invariant vectors.

We also write Mod(.77) for the category of #%-modules.

The following foundational result, for its case of G = H, is often taken as the impetus
for the study of Iwahori-Hecke algebras.

Theorem 5.1.2. For either G = H or a compact subgroup I < H < G, the functor
M*™ : Rep,(H) — Mod(#)

given by m — !¢ is an equivalence of abelian categories.

In particular, for each irreducible representation m in Repy(H), 7'¢ is an irreducible
g -module.

Moreover, for a compact subgroup I < K < G, when naturally embedding ¢ as a
subalgebra of ¢, the diagram

Rep,(G) Mo, Mod(7)

(32) lres?( lresﬁ?{
Repy(K) _ME, Mod(7#)

commautes.
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Proof. When H = G this is due to [Bor76, Corollary 4.11]. When H is compact this follows
from the semisimplicity of both categories. The commutation of the diagram is immediate
from definitions. O

5.1.2. Generic Hecke algebras. Let A = C[v,v™!] be the ring of Laurent polynomials.

Definition 5.1.3. Let (W5,S1) be a Coxeter system, and § be a finite group equipped with
an action on Wy by group automorphisms that stabilize S;.

Let W =Wy x Q be the resulting group extension.

Let £ : W — Ny be the length function, that extends the Coxeter length on Wy through
llg = 0.

The extended generic Hecke algebra for W is defined to be the A-algebra H"Y , presented
with the basis {T,, : w € W} C HY, as a free A-module, that is subject to the multiplicative
relations

Ty Ty = T if ((ww') = L(w) + £(w'),

33
(33) T? = (v — DT, + 07, s €S

For a € C*, we let 6, : A — C denote the ring homomorphism determined by v +— a
and write C, for the 1-dimensional A-module determined by 6,.

In the context of Definition 1.3, we write HY = H" ® 4 C, for the specialized complex
algebra.

Given a H"-module M which is free over A, we also write M, = M ®4 C, for the
specialized HY -module.

Considering the group algebra C [W] with its natural basis {0, }wew, an isomorphism of
complex associative algebras

sends T, ® 1 to 9, for all w € W.
Now, let us note that the Iwahori decomposition of (&) gives a basis

{fw}wel/r{/\'é g %G )
for the Iwahori-Hecke algebra, which is parameterized by elements of the Iwahori-Weyl
group.
Here, f,, is the characteristic function of the double coset Iqwls C G.
Proposition 5.1.4. [IM63, Theorem 3.3, Corollary 3.6/

Decomposing the ITwahori-Weyl group Wg = W, x Q0 as an extended Cozeter group,

produces an isomorphism -
W, ~
H \@G > I
Tw,®1 < fu

Y

of complex associative algebras.
For any compact subgroup I < K < G, the decomposition

Wi = Wi x Qx < We |

as in Theorem [J.2.1] corresponds to an algebra embedding of HVE into H"e
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The specialization isomorphism sends the resulting sub-algebra H%K < Hm\//g" to the sub-
algebra 7 < .

5.1.3. Kazhdan—Lusztig construction. Springer representations of the Weyl group W¢ be-
come relevant for our discussion of weak Arthur packets, when recalling the Kazhdan—
Lusztig construction of the local Langlands correspondence for irreducible representations
in the principal Bernstein block Rep,(G).

Their approach gives a Springer-type geometric realization of affine Hecke algebra mod-
ules. A particular convenience is that the realization uses anti-tempered representation as
its building blocks in terms of parabolic induction.

We convey the parts of this theory that are needed for our discussion in the following
proposition.

Proposition 5.1.5. Let OV € UY be a unipotent conjugacy class in GY(C).
Let m € I, ov be an anti-tempered representation, for which w'¢ # 0.

—

Then, there exist a character ¢, € A(OY) and an A-free HY< -module M(n), for which
both isomorphisms

M(m) g =7, M(m) = 5(0Y, )

hold, as F-modules, and, respectively, W(/;-representations, under the identifications of

Proposition [5.1.4)

Proof. The analogous result was established in generality for tempered representations of
split adjoint groups by Reeder in [Ree00, Theorem 8.1] using Kazhdan and Lusztig’s [KL87]
construction of tempered representations. Twisting by the Aubert-Zelevinsky involution
gives the required result for anti-tempered representations.

For groups of arbitrary isogeny we combine the result for adjoint groups with [Ree02,
Lemma 5.3.1]. O

—

Assumption 5.1.6. For any OV € U" and e € A(OV),, the anti-tempered representation
6= 5(17 OV> E) € Hl,OV ’

as parameterized in Section [3 1.1 satisfies €5 = €, where €5 is the character provided by
Proposition [5.1..

In other words, the irreducible local systems, that are used in the Kazhdan—Lusztig param-
eterization of anti-tempered irreducible representations with non-zero Ig-invariant vectors,
agree with the characters visible in Arthur’s endoscopic parameterization.

Assumption [5.1.6 is a consequence of [Wall9b] for the case of odd orthogonal G. Indeed,
it was shown that the Kazhdan—Lusztig parameterization satisfies the endoscopic identities
that pin Arthur’s characters. We expect a similar correspondence to hold in the symplectic
case.
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5.2. Deformations for extended finite Hecke algebras. This current section is self
contained and is dedicated to general deformation procedures for extended finite Hecke
algebras, that culminate in proposition [5.2.5]

We now take a group W = W; x Q) with the length function ¢ : W — Ny as in Definition
B.1.3, with W assumed to be finite.

For brevity we write H = HV.

The key ingredient to prove the well-definedness of deformations of modules is the exis-
tence of an algebraic family of isomorphisms 7, : C[W] — H, indexed by a in some Zariski
open subset of C containing /g and 1, with n; = Id. The explicit form of these maps is in
general quite complicated, and their existence is highly non-trivial. We turn to Lusztig’s
J-algebra which provides a convenient formalism for producing such maps. This formalism
contains enough information to extract the abstract properties we need, but it should be
noted that these rely on deep properties of the J-algebra established by Lusztig in [Lus85;
Lus87].

Definition 5.2.1. Let J denote Lusztig’s asymptotic Hecke algebra for W over A. This is
a free A-module with basis {t,, : w € W}. We refer to [GecO0, §2.2] for the definition of
the multiplicative structure of J.

Let ¢ : H — J denote the injective homomorphism from the Hecke algebra to the asymp-
totic Hecke algebra as defined in [Gec00, §2.2] due to Lusztig.

We write Hy, J,, ¢, for H®4 C,, J ®4 Cy, o ®4 C,,.

Proposition 5.2.2. The map ¢; : CIW| — Jy is an isomorphism and J; @c A = J as
algebras.

Proof. The first part follows from [Gec00, Example 2.6]. The second part follows from the
fact that the structure constants of .J lie in C (in fact in Z). O

The upshot of the proposition is that an isomorphism ¢ = ¢; ®c A between A[W] and
J is obtained. We see the diagram

AW] —2— 3
(34) 4
H

We would like to invert the vertical arrow to get a map from A[W]| — H. However the
vertical map is not in general an isomorphism. If we think of ¢ as an algebraic family
of homomophisms indexed over C*, this corresponds to the fact that there are a € C*
for which ¢, is not an isomorphism. The next proposition identifies a Zariski basic open
subset which avoids such points.

Lemma 5.2.3. Let

g@)=>_ ¢

weWw
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be the Poincaré polynomial for W and f(v) = g(v?). Then ¢, is an isomorphism whenever

fla) # 0.

Proof. By |Gec00, Corollary 2.5], it suffices to show that H, is semisimple whenever f(a) #
0. When € is trivial, this is a consequence of [GU89]. The proof in the general case is
identical. Then only point of care is to ensure that the generic degrees are polynomials (c.f.
|GUS89, 6.(iii)]) which follows immediately from the analysis of Schur elements in [Gec00,
Section 4.8] (see |[GP0Q, Section 8.1.8] for the relation between Schur elements and generic
degrees). O

Let ¢y : Hy — J; denote the localisation of ¢ at f € A.
Corollary 5.2.4. The homomorphism ¢y is an isomorphism.

Proof. Since ¢ is injective, so is ¢;. To check surjectivity, it suffices to do so at every
maximal ideal m of A;. Let a be the point in C* with f(a) # 0 corresponding to m. Since
(Af)m is a local ring, by Nakayama’s lemma (¢y)n is surjective if ¢y ®a, Ap/m = ¢, is
surjective. Lemma implies ¢, is surjective and this completes the proof. O

Thus we see that on the open set U = C*\{a : f(a) = 0}, we have an algebraic collection
of isomorphisms

Ne:CW]—-H, a€lU
arising from specializitions of
n:AfW] —=Hy, n:= qﬁ]?l oy .
The next proposition proves the well-definedness of deformations.
Proposition 5.2.5. (1) We have \/q € U, and the isomorphism
nyq: CIW] —H 5

of complex algebras is well-defined.
(2) Let M be an A-free H-module. Let M ;4.1 denote the W -representation obtained
by pulling back the module structure of M s along the isomorphism 1, /.
Then, an isomorphism of W -representations

M, =M gz
holds.
Proof. The first statement is a consequence of the polynomial in Lemma B.2.3] having
positive coefficients.

Let ps : Hy — End4, (M) be the homomorphism induced from the H-module structure
of My and set

xm; (w) = tr(pp(n(Tw)) € Ay
Similarly, for a € U we define p, : H, — End¢(M,) and

o, (w) = tr(pa(n.(Tw))) € C.
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Since (Hy), = H, and (My), = M, we have
(35) X, (w) = 0a (v, (w).

Since U is C* minus finitely many points, it is path connected so there is a continuous
7 :[0,1] = U such that 4(0) = 1,7(1) = /g (in fact the straight line path will work). By
33, XM, defines a continuous (in fact rational with denominator a power of f) family
of characters of W and hence it must be constant. Since 1, = Id, we have that yng, is the
character for M; and so the result follows. O

5.3. Proof of Theorem [4.4.9]. Let I < K < G be a compact subgroup and ¢ a complex
character of G, which is trivial on Ig.
We also pick an anti-tempered representation

0= 5(1, OV,E) € HL@\/
with § € Repy(G), as in the satement of Theorem [4.4.1]
By Theorem [5.1.2] it is enough to prove that an equality
dim Homg; <EK7 »(0Y, e)) = dim Hom y, (¢, 67¢)

holds.

Let H := H"x < H"¢ be the sub-algebra described in Proposition .14

By Proposition 5.2.5] it is now enough to find A-free H-modules X, {, for which the
identities

(36) B2, ¢ ¢
would hold as ##%-modules, while

(37) S ZresyER(0V,6), ¢ ¢
are holding as Wx-representations.

Indeed, let M () be the H‘iVVG—module supplied by Proposition [5.1.5l Then, according to

Assumption 516, ¥ := resH"“M(6) produces the desired module.
The homomorphism ¢ : H — A is then produced by the formula

Ty = C(w)o* ™) w e Wy .

6. DECOMPOSITION OF SPRINGER REPRESENTATIONS

The goal of this section is to prove Theorem [4.4.3

We take note (Definition [6.1.5) of two sequences Ef, ..., E5, s € {1}, of irreducible
W,-representations, and declare a W,,-representation to be weakly s-spherical, whenever it
admits one of {Ef}  as a sub-representation.

Lemma then reduces Theorem to the following proposition.
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Proposition 6.0.1. Let A\ € P;°(Ng) a partition (of good parity), and e € A(OY), a
character.
Then, an inclusion € € AT(OY) holds, if and only if, the Springer representation $(OY , €)
18 weakly sqg-spherical.

Singling out the irreducible constituents of Springer representations % (OV,¢€), beyond
the top degree case of o(OVY,€), is in general a problem of high complexity.

The analogous problem for S,-representations, when the group is viewed as a Weyl group
of type A, _1, amounts to computations of the ubiquitous Kostka numbers.

In our case of W, (Lie types B and C'), the multiplicities in question are governed by the
so-called double Kostka polynomials. These are generalisations of the Kosta polynomials
introduced by Shoji in [ShoOl] and studied notably in [AHOS; [La24; [LS17; Wall9al.

For the problem at hand we will utilise recent deep results on special values of double
Kostka polynomials obtained by Waldspurger for type C, and later generalised to types B
(and D) by La.

These results are summarised in Theorems and [6.2.3] They provide an explicit
algorithmic calculus, that may be used to determine weak s-sphericity of X(OV,¢).

Such methods are exploited in the final subsection to establish Proposition [6.0.1]

6.1. First reduction.

6.1.1. Representation theory of S, and W,. We write S,, for the symmetric group on n
letters.

For a partition A € P(n), we write V), € Irr(S5,,) for the Specht module that is determined
by A.

Proposition 6.1.1. (Pieri’s formula) Let 0 < k < n and A € P(n — k) be given.
Then, a decomposition

indg” g VA B Vi) = @ v,
nw

holds, so that the sum ranges over all partitions p € P(n), whose Young diagram can be
obtained from that of A by adding k boxes, no two in the same column.

Irreducible representations of the group of signed permutations W, are parameterized
by (ordered) pairs of partitions «, 5 € P with |a| + |5] = n.

It will be useful to adopt the direct notation («, 5) € Irr(W,,).

Let us now recall the construction of those representations out of the Specht represen-
tations for S,,.

Let x denote the character of (Z/2)™ that is trivial on the first n — k components, and
non-trivial on the remaining k£ components. The centralizer of x; in 5, is the naturally
embedded subgroup S,,_r X Sk.

Let (Vo X V3) ® x5 denote the representation of the group (S x Sig) x (Z/2)" =
Wa| x Wg|, obtained by extending the S|o X Sjg-representation V, X Vj by x5 on (Z/2)".
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The induced representation

is then irreducible.
Indeed, every isomorphism class of an irreducible W,,-representation is obtained uniquely
in this manner.
As general notation, for complex finite-dimensional representations 7, m of a finite
group, we write
(11, o) := dimc Hom(7ry, 7o) .

Proposition 6.1.2. | [GK78, Theorem II1.2] If (cn, 81) € Trx(W5), (az, B2) € Trr(Ws)
and (o, B) € Irr(W,,), then, viewing W; x W,,_; as a subgroup of W, via Wy x W,,_; = W, ,,
we have

(38) (indyy?qp,, , (a1, 1)) B (as, 52)) , (@, B))
:<indglz‘l‘xs‘a2‘ (Val X Va2)7 Va) ’ <i1’ld§:§‘1‘xsm2‘ (Vﬁl X vﬁ2)7 VB) )

when |on| + [ao| = |a| and |5i] + | Ba] = [B].
6.1.2. Weakly s-spherical Weyl group representations.

Definition 6.1.3. For an integer 0 < i <n and a sign s € {£1}, we denote

s __ ((n—l,z),Q) ZfS::[ -
(39) Ei—{((n_i)’(i)) Fs——1 e Irr(W,,) .

Note, that E} = E;' = ((n),0) is the trivial 1-dimensional W,-representation, while
E;1 = (0,(n)) corresponds to the character sgn® of Section 3.2,

Proposition 6.1.4. Let w be a complex W, -representation.
Then,

(1) There is an index 0 < iy < n with ¥V 2 0, if and only if, there is an index
0 < iy < n with

(m, EL) #0.
(2) For any 0 < i <n, an equality
dim Homyy, , (sgn™ X triv, 7) = (7, E; ')
holds.

Proof. (1) Let us write H; = ind%ﬁ triv. By Frobenius reciprocity,

dim 7Vri = (

triv, res%ﬁiﬂ) = (H;,m).
Recalling that W, ; = W; x W,,_;, we see that

20ur conventions differ from those in [GK7&] by a flip. Namely, our representation (e, 3) is denoted by
{B,a} in |[GKT]].
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H; = indyy?,yy, ,((0),0) B ((n —4),0)
= @ <ind§?x5nii(v(i) X Vi), Va)(a,0), (Proposition 6.1.2)

a€P(n)
= @ (n—1y4,7),0) = @ E}, (Proposition [6.1.T]).
Jj<min(i,n—1) Jj<min(¢,n—1)

(2) The statement follows similarly, when noting that
indf sgn® B triv = ind (0, () & ((n — 1),0) = ((n — ), (1)) = E;"

holds, by Proposition [6.1.2)
O

Definition 6.1.5. Forn >0 and s € {1} call a W, -representation m weakly s-spherical,
whenever an index 0 < i < n exists, so that (m, Ef) # 0.

Lemma 6.1.6. Let n,m > 0. Then a representation © of W, is weakly s-spherical, if and

only if, ind%i*xgmw X triv is weakly s-spherical.

Proof. 1t suffices to prove the case when  is irreducible so suppose m = («, ). We have
(40) ind%i*xgim(a, p) R triv = ind%i*x'ﬁvmind%ﬁ%(a, B) X triv.
Now a direct computation shows that

indy " triv = EP((i), (n — 7).
Thus equation [0 is equal to

(41) D indl i (@, 8) B ((0), (m — ).

i=0
By Proposition and Pieri’s formula, for every constituent (v, d) of equation A1l v and
0 have at least as many parts as « and 3 respectively. Let us now consider the cases s = 1
and s = —1 separately.

If s =1, (a,B) is not weakly s-spherical, if and only if, (o) > 3 or () > 1. Thus
if (o, B) is not weakly s-spherical then neither is any constitutent (v,d) of equation ATl
Conversely, if («, 3) is weakly s-spherical, it is of the form ((n — j,7),?) for some j, and
so by Proposition and Pieri’s formula, equation E] contains ((n 4+ m — j,7),?). Thus
equation 4] has a weakly s-spherical constituent.

If s = —1, («, ) is not weakly s-spherical, if and only if, {(«) > 2 or I[(8) > 2. Thus
if (o, 8) is not weakly s-spherical then neither is any constitutent (,d) of equation [l
Conversely, if («, ) is weakly s-spherical, it is of the form ((n — j),(j)) for some j, and
so by Proposition and Pieri’s formula, equation Bl contains ((n +m — 7),(j)). Thus
equation 41l has a weakly s-spherical constituent. O

Lemma 6.1.7. Theorem [ follows from Proposition [G.].
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Proof. Let A € P*¢(Ng) be a partition, and € € A(OY), a character.

By Proposition [6.1.4] we see that Theorem M.4.1] would follow, once we show that the
inclusion e € AT(OY) is equivalent to the representation $(0OY, €) being weakly sg-spherical.
Thus, we are left with the reduction to the case of A of good parity (i.e. in Py¢(Ng)).

Let A = A% U A U A be the unique decomposition, so that A% € P3¢ and A\ € Py °¢.
We write X7 = (A ... A7),
Consider the groups

l
Li = Gy Lo = [[GLuw(F), L=1Lix Ly,
i=1
so that L naturally embeds as a Levi subgroup of G, while the Weyl group of L is given as

l
Wi, =W, x [] Sy
=1
—_— —_—

Following Propositions 2.2.2] and 2.2.3] the character groups A(OY) and A(OY,,) are nat-
urally identified, and under the identification AT(OY) matches AT(OY,,).
Viewing € as a character of both component groups, we have the identity

ind%fl cwy, 2(Oop. €) R triv = B(0Y€)

of [Ree01, Proposition 3.3.3].
By doing the induction in stages, amalgamating one S,u» factor into the Wy, term at a

time, and applying Lemma [6.1.01 at each stage, we see that £(OY, €) is weakly sg-spherical,
if and only if, X(OY,,, €) is weakly sg-spherical. OJ

6.2. Algorithmic Green theory. Green theory concerns the decomposition of Springer
representations X(OY, €) into irreducible representations.

We would like to recall some of the details of the algorithmic approach to this task that
was presented in [Wall9a] and [La24].

6.2.1. Combinatorics of the Springer correspondence. Let A € Py¢(N¢) be a fixed partition
of good parity.
Let e € A(OY), be a fixed character, for which o(Oy, €) is an irreducible W-representation.
Identifying W = W,,, we may write
U(O;\/v E) = (aA,ea B)\,e) )

for partitions ., By € P with |ay | + [Ore] = ne-
Let us now write
)\:()\12)\222)\5()\)>0),
while harmlessly contrasting the ascending notation of Section Z.2.11
Through the identification of Proposition we view € as a boolean function on S(\).
The character € now gives rise to the following function

el ()} = {1}, &) = (1) Gt
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Let us decompose the index set as

... N ={eg<...<e}ufet <...<e)'},

so that €(e¥) = u for u € {£1} and all possible indices j.
Let fy{\ ‘L ,% > 0 be the unique integers, for which

A, A, A, A,
Q) e = (76; > .2 'Ve;> ) ﬁ)\,e = (’Y 761 > ... 761)

e €,

holds.

Indeed, such a parameterization of (., Sy ) is possible and is explicit in the standard
algorithms for the combinatorial form of the Springer correspondence, as presented for
example in |[Car85, Section 13.3]. We explicate it further in Section [6.3.1]

6.2.2. Shoji-Waldspurger—La tableaux. The following is a restatement, using modified no-
tation, of the construction outlined in [Wall9a, Section 1.4] and [La24, Section 1.2].

Our use of tableaux is an iterative implementation of the recursive form of the algorithm
that appears in the cited references.

For an integer ¢ > 1, we say that 7" = (d, ;) is an ¢-tableau, when indices ry > ... > r, > 1
are given so that (4, j) — d; ; is a bijection between the sets

{(i,j) 1 1<i<e, 1<j<r} = {1,...,0}.

For pairs of integers we assume a lexicographic order, so that (i,1) < (4,2) < ... <
(i+1,1).

For A, € as before and each choice A, 7 of positive integers, we construct the set R(\, €, A, 7)
of £(\)-tableaux.

The entries of each T' = (d; ;) € R(\, e, A, 7) are produced algorithmically. Assuming
dy j» has been defined for all (z J") < (i, ) we define d; ; as follows:

For i > 1 and j > 2, we write u = —€(d; j_1), and set

dij =min{e} : 1 < k,s.t. dij_1 <ej #dyj, forany (i',5') < (3,7)},

if exists (r; = j — 1 is set, if not).
For ¢ > 1 and j = 1 a choice is made. For each sign v € {£1} we write

k" = min{e} : 1 <k,s.t. e #dyj, for any (¢',5") < (i,1)},

when exists. Then, define d;; = k%, for any sign u, for which either the inequality

i—1
(42) ol > —u (A -7y E(dmvl))
m=1

is satisfied, or k=" does not exist.
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6.2.3. Distinguished constituents. For each ((\)-tableauT = (d; ;) € R(\, €, A, T), we write

the tuple of integers (sT,...,s?) given by

? "¢
T
T_ A7E y
s; = Ya,, i=1,...,c.

j=1
The partitions

ar=|J D, br=

1<i<c, €(d;i,1)=1 1<i<e, €(ds,1)=-1

-
=
=

are constructed, so that |ar|+ |Br| = ng still holds.
For each choice of A, 7, we denote by

P(Av €, AvT) = {(aTu 5T) T e R(Au S A? T>} c II‘I‘(WnG)
the set of representations that are produced in this manner.

Theorem 6.2.1. Let A € P;°(N¢) be a good parity partition.

—

Let e € A(OY), be a character for which (O, €) is an irreducible representation
(Springer-type). Let A, T be a choice of positive integers.
Then, for each (a, 5) € P(\ €, A, T), we have

(e, B), 2(OY,€)) =1 .

Proof. Follows from [Wall9a, Proposition 4.2] and [Wall9a, Proposition 3.1(iii)] in the
case of s¢ = —1. The analogous results for s = 1 are stated in |[La24, Propositions 3.9,
3.10]. 0

Remark 6.2.2. Our set P(\, e, A, 7) is denoted as Paor(axe, Bre, <) in [Wall9a] and
(La2j], where < is the specific order on the parts of (au.e, Bae) that is obtained through the
Springer correspondence.

6.2.4. On mazimality. The analysis in [Wall9a] and |La24] gave another characterization of
the irreducible constituents of Springer representations that occur in the setting of Theorem
6.2.11 In particular, it provided sufficient conditions under which the vanishing of the
multiplicity ((a, 8), (OY, €)) may be determined by an inclusion («, ) € P(\, e, A, 7).

To that aim we would like to define certain families of partial orders on the set Irr(W),,).

Let us extend the domain of partitions to the set P C P, so that each \ € P is given by
an infinite sequence

A=A > >A3>..)

of integers.

The subset P of partitions is then naturally viewed as sequences with a constant tail of
0’s.

We say that A < g holds, for A = (\)2,, u = (11;)%2, € P, whenever

Z&‘ SZM

i=1 =1
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holds, for all 1 < k.
Restricting the resulting partial order to P(N) C P, we see the familiar dominance order
on partitions.
For \, it € P, the operation A\ Uy € P is similarly defined as in the case of partitions.
For A = ()22, € P and a choice of non-negative integers A, 7, we define

RasN)=(A+N—71G{—-1)2, €P.
For a pair , 8 € P, we write
AA,T(aa 5) = RA,T(Q) U ROJ‘(/B) S f :

Now, we impose a partial order <a , on Irr(W,,) by setting

(a1, B1) Sar (az,B2) & Aar(ar, B1) < Aa(az, Ba)
on each pair of bi-partitions (aq, 1), (e, 52) € Irr(W),).

Theorem 6.2.3. For A\, e, A7 as in Theorem[6.2], the set P(\, e, A, T) equals the set of
maximal elements in
{oc e cr(W,,) : (o, (O}, ¢)) # 0}

with respect to the order <a ..

Proof. This is [Wall9a, Proposition 3.1(ii)] combined with [Wall9a, Lemme 1.6] and the
analogous treatment of [La24]. O

6.3. Combinatorics of the canonical character subgroup. Let A € P;¢(Ng) (a par-

—

tition of good parity) and € € A(OY), be fixed, along with all additional notation defined
in the previous section.

For any a € S()), we let 1 < i(a) < /() be the minimal index with A4 = a.

We write

Xx = {i(a) baesoy S H{L, ..., L(N)}

for the resulting set of indices.

We also denote

Xoe={te Xy eN)=1—€N-1)},

where (—1)€0) =1 is assumed.

Let us write

Xy=X uXx;t,

with X} denoting the even indices and X, ' the odd ones.

Let us denote the subsets

S(A)max = {emax}eeST(A) ) S()‘)min = {emin}eeST(A) - SO‘) .

We define S(A)max as S(A),,, with the possible exclusion of A\; € S(A)max, in the case
of s¢ =1 and A\ € Sp(A).

Similarly, S(A)min is defined as S(X),,;, with the possible exclusion Ay & S(A)min in the
case of s = —1 and Ay = Omax € So(A).
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Lemma 6.3.1. (1) An equality

XiG = {’L eX,: \E S()\)max}
holds.
(2) The inclusion e € AT(OY) holds, if and only if, we have Xy, C X5°.

Proof. Most of the statement follows directly from the definition of ST()), of PT(\)y (Sec-
tion ZZ3) and its identification with AT(OY) (Proposition Z2Z.3).
One issue that remains to be clarified for the proof of (2)) is the behavior of the index
1 ¢ X} in the case of sg = 1.
Indeed, in that case Lemma 2.2.11] implies that e(\;) = 0, whenever ¢ € AT(OY).
Consequently, the exclusion 1 € X, . becomes part of the defining condition for € € AT(OY).
O

6.3.1. Zero parts. We would like to strengthen the sufficient condition for an inclusion
€ € AT(OY) that was given in Lemma B.3.TI[2).

To that aim, we need to explicate some ingredients that provide the translation of the
labelling 0(OY, €) € Irr(W,,,) into the bi-partition parameterization.

In particular, we are now interested in characterizing occurrences of fyi’\ “ = 0 in the
sequence {7, ’6}581) produced in Section

We recall that A € Py¢(Ng) is a partition of good parity.

We define the relative defect

D)= Y ea)= Y  ea),
>\¢>a€S(>\)max )\i>a€S()\)min
for all 0 < ¢ < £(\), assuming \g > A;.

Our terminology differs slightly from the notion of defect for € as appears in various
sources. In particular, the value of D.(0) measures the difference between the defect of the
symbol associated with the trivial local system and the defect of the symbol associated to
€.

Thus by [Lus84a, §12-13], the non-vanishing of o(OY, €) (Springer-type) is equivalent to
D.(0) =0.
We recall the formulas that produce those integers, following [Car85, Section 13.3].

We first denote
x| [A\i/2] i even,
© ) [N/2] i odd,
for all 1 <7 < {¢(\). In these terms, we have

e | 3 =2s6e(i)D(i) + (=) e(N)ma A & S(N)min
(43) = D T egme M E S

where

(e, mg) = { (1,-1) sg=—-1
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Lemma 6.3.2. Suppose that 1 < i < {()\) is an indez, for which D.(i) € {1,0,—1} and
AN =0 hold. Then,
(1) We have \; € {1,2,3,4,5,6,7}.
(2) When A\; =2 and 2 € S(N)min, i is odd.
(8) When \; = 3, i is even.
(4) When \; = 4, we have one of:
(a) D(i) =1 and e(4) = 0.
(b) 4 & S(AN)min and i is odd.
(5) When \; =5, we have one of:
(a) D.(i) =1 and ¢(5) = 0.
(b) 1,3 € So(N) and e(1) =1, €(3) =0, €(5) = 1.
(6) When X\; = 6, we have one of
(a) D(i) =1 and i is odd.
(b) 2,4 € Sp(N), 6 € S(N)min and €(2) =1, €(4) =0, €(6) = 1.
(7) When \; =7, we have D.(i) =1 and 7 & S(A)min-

Proof. (1) In case of s¢ = —1, according to (3]) we have |%-A’E —32| < 3. Thus, %-A’E =0
can be reached only when \; € {2,4,6}.
In case of s¢ = 1, according to ([@3) we have |y — 3| € {0,2,4}.
For \; = 9, with odd i and 3} = 4, we would obtain

AN >4 — 2€(i)D.(i) > 2.

(2) Evident from the formula, since D.(2) = 0.
(3) Follows from the same argument as in ().
(4) When \; = 4 and D,(4) = 0, we have 4" > 1.
If D(4) = —1 holds, it necessarily implies 2 € S(A)min, €(4) = 0 and €(i) = 1.
The statement follows.
Otherwise, D.(4) = 1 implies €(4) = 0.
(5) When )\; = 5, in similarity to a previous argument we must have an odd i and
T =2
If D (i) = 0, the formula implies that 7> >3, which is a contradiction.
If D.(i) = 1, we see €(i) = 1. In turn, that shows that ¢(5) = 0 (¢ being odd)
holds.
Otherwise, D (i) = —1 and €(i) = —1 are implied. Thus, €(5) = 1. In particular,
we must be in the 5 € S(\) i, case of ([43)).
Now, D (i) = —1 and \; = 5 € S(A)min can happen, only when 6 € ST(\) exists,
so that Opin = 1, Opax = 3, €(1) = 1 and €(3) = 0.
(6) For \; = 6, must have ¢(6) = 1. Now, either D (i) = 1 and €(i) = —1 hold, in
which case ¢ must be odd, or D.(7) = —1 and €(i) = 1 hold.
The latter case implies that 7 is even. It also implies that we are in the 6 € S(\)yin
case of the formula.
Now, D.(i) = —1 and \; = 6 € S(\)min can happen, only when § € ST()\) exists,
so that Omin = 2, Omax = 4, €(2) = 1 and €(4) = 0.
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(7) Suppose that \; = 7, with even i and ;' = 4.
We must have 7 & S(A)min for the formula to reach 7> — 3> = 4.

The possibility of D.(i) # 1 would force €(i) = —1 and ¢(7) = 1, causing a
contradiction.
O
Proposition 6.3.3. Let € € @)0 be a Springer-type character, and i € X, be an index
with v = 0.

Suppose that for all i > a € X, ., we have a € X3°.
Then, € € AT(OY) holds.

Proof. By the assumption we know that D.(0) — D.(i — 1) € {0, 1}.

Since € is of Springer-type, we have D.(0) = 0, and so D.(i — 1) € {0, —1}.

In case A\; € S(A)max, we can further deduce that D.(i — 1) = 0. Thus, in all cases we
have D.(i) € {1,0, —1}. This fact situates us in the scope of Lemma [6.3.2]

In particular, we have 1 < \; < 7.

When \; € {1,2}, we have \; = Ayy). If in addition A\; € Sp(A), the value of €();) is
determined uniquely by D.(i — 1), so that the inclusion e € AT(OY) holds.

When \; = 1 & Sp()), the value of €(1) is inconsequential to the inclusion.

When \; = 2 & Sp(A), we may have 2 € S(A\)max and then €(2) is similarly inconsequen-
tial. Otherwise, when 2 € S(\)pax, we must also have 2 € S(A\)in and by Lemma [6.3.2/(2),
i is odd. Hence, i € X7¢ contradicts Lemma [6.3.TI(T).

The case of A\; = 3 follows similarly: Either {1,3} N Sp()) is empty, or it is a singleton
set {u}, in which case €(p) is favorably determined by the value of D (i —1). When p =1,
we have 3 € S(A)max. Yet, by Lemma [6.3.2([3), i € X¢ gives a similar contradiction.

The last option could be (1,3) = (fuin, Omax), for 8 € ST(X). Here, D.(i —1) = D.(0) =0
implies (1) = €(3), and € € AT(OY).

Cases ({al) and (Bal) of Lemma are impossible, since these would imply

D(i—1)=D.(i)=1.

Suppose now that ¢ € Sp(A) NS(A)min-

This assumption directly rules out cases (4h) and () of the lemma. Cases (5h) and (6h)
are ruled out, since those suggest D (i — 1) = —2.

Finally, the case of Lemma [6.3.2([6al) has A\; = 6 with an odd i. Here we note that
i € X3¢ holds, and that So(A) NS (A)min, S(A)max are disjoint sets. Hence, Lemma [6.3.TI(TI)
rules out this case.

We are left with the situation of i € Sp(A) N S(A)min-

Here, the case of \; = 4 is treated identically to the prior case of \; = 3.

We now also have D (i) < 1, which takes cases (6al) and (7)) of the lemma out of our
scope.

Thus, we are left with (BDb) or (ED). In these cases we see that \; € S(A)max. That
implies D (i — 1) = 0 on one hand, but also D (i — 1) = —1 follows from the description of
those cases.

U
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6.4. Proof of Proposition [6.0.1. We fix the integers

o (ng‘l'l,l) SG:1
(AG’TG)_{ (ng+1.2ng+1) sg=-1 "

which will provide us with a useful partial order <a, ., in each of the cases.
We first reduce the property of weak s-sphericity into an algorithmic study as in the
previous section.

—

Lemma 6.4.1. Let A € Py°(Ng) be a good parity partition, and e € A(OY), a character.
The representation X(OY, €) is weakly sg-spherical, if and only if, an index 0 < i < ng
exists, so that
EiG € P()‘> €, AG>'7-G)
holds.

Proof. One direction follows immediately from Theorem [6.2.1]
Conversely, let us assume that E;G appears as a sub-representation of 3(OY ¢).
Writing E7¢ = (a, §), it follows from Theorem B2 that (o', ) € P(), €, Ag, 7¢) exists,
for which an inequality

(:ui)z?il = AAGJ'G (aa ﬁ) < AAGF"G(O/? 5,) = (,U;);.i1

holds.
Let us also write o/ = (oy > b > ...)and §' = (5] > 5 > ...).
In case s¢ = 1, we have (o, 8) = ((ng — 7, 7),0). Since Ag — 7 > ng holds in that case,

we clearly have
i =A0g+ng—j, la=A0q+j—7a, ) = Ag+ay, py =Ag+ah—1q .

The inequality p; + pe < pf + pf then forces ng < o + . The last inequality evidently
implies that (o/, ) = E},, for an index j'.

In case sg = —1, we have (o, 5) = ((ng — j), (j)). Since ng < Ag and Ag —7¢ +a < 0
holds for any 0 < a < ng in that case, we clearly have

= ADg+ne—j, p2=1J, ) =D +ay, py =0
Same as in the previous case, we obtain ng < o/ + 3|, which implies that (o/, ') = E;,*

7 )
for an index j'.

O
Let A € P;¢(Ng) and € € @)0 now be fixed, along with all additional notation
defined in Section

Proposition 6.4.2. For any {(\)-tableau T = (d; ;) € R(\, €, Ag,T¢), we have
{1,.. ., M)\ {d11,dra,y .. diy } = Xoe
Proof. By definition of € it is easily verified that a description
Xae={1<i<{l(\) :€(i)=¢(i—1)}

holds, where €(0) = —1 is assumed.
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Since Ag > ng, equation ([42) forces €(d; ;) = 1.

In particular, d; ; is defined to be the minimial index in {1,...,¢(A)} \ X, .. Similarly,
di 2 is defined to be the minimal index in {1,...,¢(\)} \ X, . that is larger than d; ;, and
o on.

O

Proposition 6.4.3. An index 0 < i < ng exists, so that
E;G € P()\7€? AGaTG) 3
if and only if, an inclusion e € AT(OY) holds.

Proof. Let us denote the set of indices Xy, = {i; < ... <ir}.
Thus, (—1)“®4) = (=1)7 holds, for all 1 < j < f. In other words, we have
eliy) = (—1yot,
forall 1 <j < f.

By Lemma B3] we see that the inclusion € € AT(OY) becomes equivalent to the validity
of

(44) e(i5) = sa(=1)7",
forall 1 <j < f.
One consequence of Theorem is that an ¢(\)-tableau T = (d; ;) € R(\, €, Ag, 7¢)

exists, with ¢ > 1 rows.
By Proposition [6.4.2] we know that

{17"'7€(>‘)}\{dLl?""dL?‘l} == {Zl,,Zf} .

Because of Ag > ng, equation (42) implies €(d; 1) = 1.

Also, s¢(Ag — 7¢) > ng implies by same reasoning that when ¢ > 1, €(ds,1) = s¢ holds,
unless €(i;) = —s¢ is valid for all j.

Suppose first that e € AT(OY). Then, from (@) and the algorithm that produces 7', we
see that ¢ < 2 and the bi-partition (g, f7) is of the form EJ¢.

Conversely, suppose that (ar, B7) is of the form EJ¢.

Let 1 < jo < f be the minimal index for which €(i;,) = sg(—1)?° holds, if exists.

When jy does not exist, (44) is valid and € € AT(OY). Otherwise, for all i;, > a € X,
we have a € X3°.

If v := %-)‘j’oﬁ = 0 holds, from Proposition we still have e € AT(OY).

Thus, we are left to treat the case of v > 0.

By construction of T, we have dy ; = i;, for all 1 < j < jo, and 7;, = dy 1, for an index
2 <.

It follows that s’ > v contributes a non-zero part to ar, when €(i;,) = 1, or to S, when
€(ij,) = —1.

Suppose first that sq = 1.

Then, |87 = 0 and €(i;,) = 1 must hold. Also, €(dy ;) =€(dy;) = 1. This implies

pW3 P W3 e
Vs 2 Yoy = Va,, =7 >0,
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exhibiting three non-zero parts s7, s s., for ap. This is a contradiction.
Now suppose that sq = —1.
. —/- A€ A€ —=( _
We have either €(ij,) = 1, and consequently Vary = Vi, > 0 holds, or €(i;,) = —1,

which similarly implies 722’61 > 72"/61 > 0.

In both cases, one of ar, S will have two non-zero parts, which is a contradiction.

O
Proposition [6.0.1l now follows from Lemma [6.4.1] and Proposition [6.4.3]
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