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ERROR BOUNDS FOR DISCRETE MINIMIZERS OF THE
GINZBURG-LANDAU ENERGY IN THE HIGH-x REGIME*
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Abstract. In this work, we study discrete minimizers of the Ginzburg—Landau energy in finite
element spaces. Special focus is given to the influence of the Ginzburg-Landau parameter . This
parameter is of physical interest as large values can trigger the appearance of vortex lattices. Since
the vortices have to be resolved on sufficiently fine computational meshes, it is important to translate
the size of k into a mesh resolution condition, which can be done through error estimates that are
explicit with respect to k and the spatial mesh width h. For that, we first work in an abstract
framework for a general class of discrete spaces, where we present convergence results in a problem-
adapted k-weighted norm. Afterward we apply our findings to Lagrangian finite elements and a
particular generalized finite element construction. In numerical experiments we confirm that our
derived L?- and H'-error estimates are indeed optimal in x and h.
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1. Introduction. Superconductors are materials that allow electricity to be con-
ducted without any electrical resistance. Letting Q C R, d = 2,3, denote a bounded
polyhedral Lipschitz domain occupied by a superconducting material, the supercon-
ductivity in 2 can be modeled by a complex-valued wave function u :  — C which
is called the order parameter. The physical quantity of interest is |u|?, which denotes
the density of the superconducting electron pairs, where in the appropriate scaling,
it holds that 0 < |u[? < 1. This means that the material is not superconducting
(in the normal state) in = € Q2 if |u(z)|? = 0 and behaves like a perfect superconductor
if |u(x)|?> = 1. In between, different degrees of superconductivity are possible. Of par-
ticular interest are mixed normal-superconducting states where both phases coexist
in a lattice of quantized vortices [1].

Mathematically, the order parameter can be characterized as a minimizer of the
Ginzburg-Landau energy (or Gibbs free energy) given by

1 K2 2
(1.1) E(u):i/ Vet indul + 5 (1~ fu?)? dz,
Q

where A:Q — R? is a real-valued magnetic potential and x is the so-called Ginzburg—
Landau parameter, a material parameter that correlates with the temperature and
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determines the type of superconductor. By the necessary condition for local extrema,
any minimizer v € H'(Q) must fulfill the condition E’(u) =0, which is known as the
Ginzburg-Landau equation (GLE) and reads written out (cf. [19])

(1.2) Re/ (Vu+ikAu) - (ch—i—imA(p)* + &% (Ju]? = Dup*de =0 for p € H'(Q).
Q

The real-valued magnetic potential A:Q — R? in the GLE is typically unknown and
can be inferred from an external magnetic field H through the condition H = curl A,
which is then added as a penalty term to the energy. In this work we consider the
simplifying case that A is given, where the focus of our analysis is rather the influence
of k on the accuracy of numerical approximations. In fact, the size of the parameter
k is crucial for the appearance of vortices [44, 45, 46, 47]. On the one hand, if « is too
small, no vortices will appear. On the other hand, the larger the value of k, the more
vortices appear in the lattice and the more point-like they become [2, 44]. The so-
called high-x regime is hence the physically most interesting regime, but numerically
it is also the most challenging one because it requires fine meshes to resolve all lattice
structures. This raises an important practical question: how fine do we have to select
the mesh size relative to the size of k so that the numerical approximations capture
the correct vortex pattern?

Motivated by this question, the main goal of this work is to derive rigorous error
bounds for the discrete minimizers with constants that are explicit and optimal in the
spatial parameter h and the Ginzburg-Landau parameter .

The first work where the approximation properties of discrete solutions to the
stationary GLE were analyzed is the seminal STAM Review article by Du, Gunzburger,
and Peterson [19] (see also [20] for periodic boundary conditions). The paper considers
H'-error estimates in finite element spaces for both the order parameter u and the
magnetic potential A. The proof technique considers fixed (compact) intervals of
k-values and does not trace all k-dependencies that enter through the size of these
intervals and through uniform bounds for certain operator norms (that are linked
to the chosen interval). The proof also considers a modified setting where E”(u) is
assumed to have a trivial kernel. However, the solutions to the GLE (1.2) can be only
locally unique up to gauge transformations [19]. In our case, these transformations
are of the form u — exp(—if)u for any 6 € R. In fact, it is easily seen that E(u) =
E(exp(—if)u) for all such 0, which hence leads to a cluster of (qualitatively equivalent)
solutions exp(—if)u. In turn, we have (E”(u) exp(—if)u,-) = 0, which shows that
E"(u) can become singular. Hence, it makes sense to revisit the results [19] with new
proof techniques that allow us to follow all k-dependencies and which allow us to avoid
an assumption of local uniqueness. To the best of our knowledge, there are only two
other works that address the convergence of discrete solutions to the stationary GLE:
In [22] a spatial discretization based on a covolume method is suggested, and in [21]
a finite volume discretization is used to solve the GLE on the sphere. In both papers
the convergence of a subsequence of discrete solutions to a continuous minimizer is
established, however without rates in h and k.

With the goal to close this gap in the literature for finite element discretizations,
our error analysis is performed in a general framework of finite element methods,
where we state our results under natural assumptions on the discrete spaces. We first
establish bounds on the discrete minimizers which are explicit in x and independent
of h. This enables us to provide an abstract convergence result which identifies a
suitable, continuous minimizer of (1.1). This a priori information is crucial in the
derivation of the error bounds. In order to exploit the structure of the problem, we
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have to study the properties of the second Fréchet derivative of the energy E. In
particular, we carry over the inf-sup stability to our discrete setting under a smallness
condition related to the product xh. Let us emphasize that this is not a technical
issue, but is indeed observed in our numerical experiments. We employ a problem
adapted scalar product and its Ritz projection, which captures the one-dimensional
kernel of E”(u), to extract optimal error bounds not only for the H!-norm, but also
new error bounds for the L2-norm and the energy. Our numerical experiments confirm
that the predicted scaling of the error in k and & is asymptotically sharp.

It is worth mentioning that, aside from stationary GLEs, there has been a lot of
work on the numerical analysis of the time-dependent problem that describes the dy-
namics of superconductors, where we exemplarily refer to [11, 12, 15, 16, 17, 18, 23, 25,
26, 34, 35, 36] and the references therein. For works with a particular emphasis on
tracing the influence of x in the estimates, we refer to [7, 8, 9] for the case of vanishing
vector potentials A. Due to the different nature of the time-dependent problem, we
will not discuss the equation any further here.

The rest of the paper is organized as follows. In section 2, we introduce the
analytical framework and present some results on continuous minimizers of (1.1). In
particular, we discuss the assumptions concerning uniqueness of minimizers. For an
abstract finite element space discretization, we present in section 3 our main results on
the existence, boundedness, and approximation of discrete minimizers. An application
to linear Lagrange finite elements is also given. Numerical experiments which illustrate
our theoretical findings and confirm the convergence rates as well as the xk-dependency
of our bounds are shown in section 4. The proofs of our main results are given in
section 5. Finally, in section 6 we present a nonstandard application of the abstract
result to spaces based on the localized orthogonal decomposition.

Notation. For a complex number z € C, we use z* for the complex conjugate of
2. In the whole paper we further denote by L? := L?(£2,C) the Hilbert space of L?-
integratable complex functions, but equipped with the real scalar product m(u,v) :=
Re vaw* dx for v,w € L% Hence, we interpret the space as a real Hilbert space.
Analogously, we equip the space H! := H'(Q,C) with the scalar product m(v,w) +
m(Vv,Vw). This interpretation is crucial so that the Fréchet derivatives of E are
meaningful and exist on H'. For any space X, we denote its dual space by X'.
Note that this implies that the elements of the dual space of H! consist of real-linear
functionals, which are not necessarily complex-linear. For example, if F'(v) :=m(f,v)
for some f € L2, then it holds that F(av) = a F(v) if a € R, but in general not if
acC.

In the following C' will denote a generic constant which is independent of £ and
the spatial mesh parameter h, but might depend on numerical constants as well as )
and A. In particular, we will write o < 3 if there is a constant C' independent of &
and h such that o < C 8.

2. Analytical framework. In this section, we present several results concerning
the continuous minimizers of (1.1).
From now on, we assume that the magnetic potential A satisfies

(2.1) AcL™®(RY), divA=0inQ, A-v=0ondN.
The above assumption can be rigorously justified on convex and on smooth domains

Q; cf. [19]. However, we also note that the L>°-regularity of A might not be available
on general complex geometries with re-entrant corners.
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Further, we introduce the dual pairing (u, ) := (u, @)1y g1, and the bilinear
forms given by

(2.2) m(u,p):= Re/ up*dx, aalu,p):= Re/ (Vu+ikAu) - (VngrinAgo)*dz,
Q

Q
as well as the norm ||¢|[%: :=||V¢||2. + ||¢||22, the scaled norms
(2:3) lellE = 1Vellz: + &2 llelia,  llellhe =l + &2 llel,

and the induced norm || f|[(z1) = supge g %. We abbreviate Ao, = ||A||L~ and
X 1
define the stabilized inner product on H* = H(Q) for u,p € H! by

(2.4) an (1, 0) = aa(u, o)+ B*m(u, )2 with g% = KQ(Ago +1).

We call it stabilized since this modification enables us to show boundedness and
coercicvity of a,(-,-) with respect to the H}-norm defined in (2.3).

LEMMA 2.1. There are k-independent constants Cypg, Ceoe > 0 such that for all
v,p € H

dﬁ(vvso)Scbnde”HéH@HH; and %(%@)cheH@H%{;

Proof. The boundedness is a straightforward application of the Cauchy—Schwarz
inequality. For the coercivity, we note that by Young’s inequality it holds that

[V +ikdp|* > [Vol? = 2|VellrAp| + [kAp|* > S [Ve|* — 2A% |o[*.

| —

By the choice of 3, we conclude the lower bound. ]

A straightforward calculation shows that the energy is (real-)Fréchet differentiable
and satisfies for all o € H*

(2.5) (E'(u), o) = Re/g(Vu—k ikAu) - (Vo +indp) + k2 (Ju* — 1) up* da.

In particular any minimizer u € H' satisfies E'(u) = 0. The natural boundary con-
dition is given by (Vu + iﬁAu) -v =0 on 0. Since A has a vanishing trace by
assumption, the natural boundary condition collapses to the standard homogeneous
Neumann condition Vu - v = 0 on 9. Our first result collects the existence of a
minimizer v and its properties.

THEOREM 2.2. For every k > 0 there exists a minimizer u€ H' of (1.1). Further,
any minimizer fulfills

lu(z)| <1 for all x €9, [l 1 S 5,
and if Q is convez, then v € H? and
IVullps Sk, [lullgz S K2

where the hidden constants in the above estimates are independent of k and u.
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Proof. First note that the energy E is continuous in H'(f2), and further weakly
lower semicontinuous; see, e.g., [48, Thm. 1.6]. In addition, a simple calculation shows

1 2 2 2 2\ 2
E(u)szH(u,u)—l—z/{2(1+i2—|u2) +1—(1+i2) dx,

and hence E(u) — oo as |[u||g: — oo. The standard arguments then imply the
existence of a minimizer; see, e.g., [48, Thm. 1.2]. For the pointwise bound, we refer
to [19, Prop. 3.11], which implies a bound in L? independent of x. We further have

V|2 <||Vu+ikAu|| 2 + kAso|u|| 2 S E(0)Y? + k < k.

Since E'(u) =0, we rearrange to
as(u,p)= — K2 Re/ﬂ(|u|2 — 1)ucp* dz =m(f, o)
with ||f||z2 < k? and obtain with (2.1)
Re/Q Vu-Ve* dx—i—Re/ngo* dx=m(f,) —Re/ﬂ(—Qiﬁ;AoVu+/<;2|A|2u+u)go* dz.

If Q is convex, standard elliptic regularity theory for the Poisson problem with ho-
mogeneous Neumann boundary condition (cf. [28, Theorem 3.2.1.3]) gives us u € H?
with

lullzrz SUFIz2 + 1+ 87 [ull 2 + 6] Vul |2 S 52,

where we used the L?- and H'-bounds for v in the last step. Finally, we have
I :/ Vu - Vu*|Vul? de = —/ udiv(Vu*|Vul?) do < ||ul| o | [u]| 2 || Vu| |74,
Q Q

which yields the last estimate. 0

Since u is a global minimizer of the energy F, it must not only hold that (E’(u), ¢)
=0 but also (E" (u)g,¢) > 0 for all p € H!. Later we will make use of these conditions.
For that we require a corresponding representation of the second Fréchet derivative
of E. This and its properties are summarized in the following lemma.

LEMMA 2.3. (a) The energy is twice (real-)Fréchet differentiable and satisfies for
o, v € H?

(E" (u)v, @) = Re/ (Vv +ikAv) - (Ve +irAp)”
+ /fgz((|u|2 — Dop* +u*v*e* + [ul*ve*) da.
(b) For ¢,v € H' it holds that
(B (w)v,0) = (E"(u)p,v) and [(E"(u)v,0)| Slvllmllelm-

Proof. The Fréchet derivative is computed in a straightforward manner, and the
symmetry follows from the representation by noting the real part in front of the
integral. For the bound, we employ Lemma 2.1 as well as |u| <1. 0

As explained in the introduction, a minimizer of (1.1) cannot be unique due to
the invariance of the energy under complex rotations, i.e., if u is a minimizer, then
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exp(—ig)u is also a minimizer for any ¢ € R. This property is known as gauge
invariance and the mapping u — exp(—i¢)u is called a gauge transformation. On
polygonal domains, minimizers are believed to be locally unique, which means that in
a sufficiently small environment of u, the only other minimizers are exactly the ones
obtained by gauge transformations. However, a general proof for this local uniqueness
property is one of the great challenges of the field and has not yet been established.
For partial results in various important settings, we refer to [42, 43, 44, 49] and the
references therein.

In the following, we hence make the local uniqueness an (reasonable) assumption
for our analysis. Furthermore, we later describe how to check the validity of the
assumption numerically for any given setting so that we explicitly know if it is fulfilled.

In the definition below we express the local uniqueness by curves passing through
a minimizer. To be precise, we look at the energy level £:¢+— E(~(t)) for a smooth
curve v : R — H' with v(0) = u. If u is a minimizer of E, then /(¢) has a local
minimum at ¢ =0 (i.e., £(0) = 0 and ¢”(0) > 0). Furthermore, u is locally unique
up to gauge if £/(0) > 0 for all directions 7/(0) that are not parallel to iu. Note that
the direction iu is the tangent in w on the circle line ¢ — exp(—it)u, i.e., the direction
in which the value of the energy does not change; cf. Figure 2.1. Since the energy is
constant on the circle line, we naturally have £”(0) =0 in this direction. The following
definition formalizes this type of local uniqueness.

DEFINITION 2.4 (local uniqueness up to gauge transformation). Let u be a min-
imizer of (1.1). We call u a locally unique minimizer up to gauge transformation if,
for all smooth curves «: [—m,m) — H' with v(0) = u, it holds that

%E(y(t) Jizo=0 <= +/(0) €span{iu}:={aiu|a € R}.

Note that u being a minimizer always implies that $E(~(t))|i=o = 0 as well as
d2

1z E(y(t) )|t=0 > 0, independent of whether it is locally unique or not.

iu = exp(iim)u

exp(izm

exp(—im)u = —u

—iu = exp(—iim)u

Fic. 2.1. For a given minimizer u, the figure illustrates the circle line parametrized by the 27-
periodic curve v : t — exp(—it)u for t € [-m,m). The tangent direction in u is given by v/ (0) = iu

and the energy E is constant and minimal on the whole circle line, i.e., %E('y(t)) =0.
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From now on, we assume local uniqueness for our error analysis.

Assumption 2.5. The minimizers u of the Ginzburg-Landau energy (1.1) are
locally unique up to gauge transformation in the sense of Definition 2.4.

For any minimizer u, the above assumption implies inf-sup stability of E”(u) on
the m(:,-)-orthogonal complement of span{iu} in H'. To formalize and prove this
result, we define the corresponding space by

H = H' 0 (iu)* = {p e H |m(iu, ¢) = 0}.

Note that H{ is a closed subspace of H' and that our error analysis will be naturally
restricted to it. The claimed inf-sup stability is specified in the following proposition.

PROPOSITION 2.6. Let u be a minimizer of (1.1) and let Assumption 2.5 be ful-
filled, i.e., u is locally unique up to gauge transformation. Then, there is a constant
Ceor(u, k) 2 1 such that

E//
(2.6) Col(um) < inf sup o (W0
veH}, pemt ||vllm el

Furthermore, E"(u) is singular in the direction iu, i.e.,
(E"(u)iu,p) =0 for all pc H'.

Since Assumption 2.5 implies a positive spectrum of E”(u) on Hi , the inf-sup
stability follows from the Garding inequality. For completeness we elaborate the short
proof below, also with the purpose to emphasize how to check the local uniqueness

numerically.

Proof. Let v € H, \ {0} be arbitrary and ~: [-m,7) = H' a smooth curve with
~(0) =u and 4/(0) =v. Then Assumption 2.5 implies
2

(2.7) 0< %E(’y(t) Ji=o = (E"(7(0)),7"(0)) + (E"(+(0))~(0),7(0)) = (E" (u)v, v).

Hence, the eigenvalue problem seeking (wg, \¢) € H* x R with
(2.8) (B (w)wy,v) = Agm(wg,v) for all ve H

has a nonnegative spectrum. A direct calculation shows that the smallest eigenvalue
is Ay = 0 with eigenfunction w; = iu. Furthermore, since (E”(u)-,-) is a symmetric
bilinear form on H'!, the second smallest eigenvalue A, is positive due to the Courant—
Fischer theorem which yields

o= inf EW:Y) CD

veHl, m(v,v)

v#0
Observe that the strict positivity of the second eigenvalue of E”(u) is in fact equivalent
to the local uniqueness of u in the sense of Definition 2.4. Hence, by computing Ao
we can practically verify if a computed minimizer u is locally unique.

Thanks to A2 > 0, we obtain that E”(u) is injective on the m(:,-)-orthogonal

complement of the first eigenspace, i.e., on H . Furthermore, it is easily seen that
the following Garding inequality holds for all v € H! (and in particular v € H}):

(2.9) (E"(u)v,v) = %IIUH?p = (14 £ (1 + AL |[vl|7-.
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It is well known (cf. [27, 51]) that the injectivity on H;, and the Garding inequality
(in combination with the Lax-Milgram theorem) imply the Fredholm alternative for
E"(u): HL — (HL)', i.e., E” (u) has a bounded inverse on the orthogonal complement
of iu. With this insight, let v € H}, be arbitrary and let z € H}, be the unique solution
to

(E" (u)z,w) = pm(v,w) for all w € Hy,

for some constant p > (1 + x2)(1 + A2)). Since E”(u) has a bounded inverse it also
holds

(2.10) 2l < C plfv]| e
for some constant C' = C(u, «). In conclusion we obtain

1" 1 (291 2 (2,10
(E"(u)(v+2),0) = (E"(w)v,v) + pm(v,v) = Sl = Cllvflm o+ 2]
with C = C(u, s, u) > 0. Hence,

ap AZ 0

pemy, 9l [l

E"(u)(v + 2),v)
v+ zl| g [0l

Since v € H}, was arbitrary, the desired inf-sup stability follows from the sym-
metry of (E”(u)-,-) and the equivalence of the H'-norm and the H!-norm (up to
K-constants). o

Remark 2.7 (verifying the local uniqueness numerically). The proof of Proposi-
tion 2.6 shows that Assumption 2.5 is fulfilled for a minimizer u if and only if the
second smallest eigenvalue, Ay, of

(B (u)wg,v) = Agm(wg,v) for allve H'

is positive. Given a computed discrete minimizer uj; that approximates u, we can
check this condition numerically. Since |lup — u||g1 < e(h) — 0 independent of lo-
cal uniqueness (cf. Proposition 5.1 below), the second smallest eigenvalue of E” (uy)
converges to the second smallest eigenvalue of E”(u). Hence, if Ay is clearly bounded
away from zero, u must be locally unique in the sense of Definition 2.4. The practical
assembly of the bilinear form (E”(up,)-,-) is discussed in Appendix A. In our numeri-
cal experiments we present the corresponding values for A\ and we observed that the
local uniqueness up to gauge transformations was always fulfilled.

In the next step, we will derive stability and regularity estimates for solutions to
variational problems on H; . The variational problems will later play a crucial role
in our error analysis and involve the stabilized bilinear form a,(-,-), as well as the
inf-sup stable bilinear form (E’(u)-,-).

LEMMA 2.8. For any f € L?(Q2), there is z € H}, C HY(Q) such that

dK(Z,QO>:m(f,§0) fO’f’ all(pGHllua
and there hold the bounds

1 . .
||z\|Hé < HfH(H;)/ gEWHLz and, if Q is convez, then z € H* and ||ZHHE <IIfllzzs

where the (hidden) constants in the bounds are independent of k.
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Proof. Since a,(-,-) is still coercive on H., we immediately obtain the unique

solution, and also the bounds in H!. Furthermore, we have for any f € L? that

1 1
(2.11) fllry = sup m(f,9) < sup —[|fllrzsllellrz < =||fllze,
el =1 el sy =1 w

which yields the second inequality. For the bound in the H>2-norm for convex domains,
let ¢ € H' and decompose as ¢ = @ + a(iu) with § € H, and a = m(p,iu)||u||;3.
Then,

Gk (2,0) = Gs(2,0) + g (z,iu) =m(f,p) + ad.(z,iu)
= m(fa QD) - am(f, lu) + OzCLA(Z,iU),
where we used (2.4) in the last step. We first note

(m(f, @) —am(f,iu)] <2||f|[c2llellz2

and then employ E’'(iu) =0 to obtain
laa(z,iu)| = |(E' (i), z) — & Re/Q(|u|2 = Viuz" da| < &2[[ul|r2]]2]| 12 S 11 fl|L2,

where we exploited #2||z||2 < || f||z2 in the last line. Altogether we have shown that
there exists some f, € L? such that it holds for all ¢ € H!

(2.12) ax(z,0) =m(fz,0), | fzllL2 SIS L2

We conclude as in Theorem 2.2: We write
(2.13) au(z,p)= Re/ Vz-Ve* + B2z p*de + Re/ (—2ikA - Vz+ &*|A]%2) " da,
Q Q

and since the second term is in L2, we have, again by regularity theory for the homo-
geneous Neumann problem, z € H? and

12ll2 SNFallze + w212l e + Kl ValL2 S fllLe,

where we used the L?- and H'-bounds for z in the last step. 0

Using the inf-sup stability established in Proposition 2.6, we can formulate an
analogous result for variational problems based on E”(u) in HJl. Note here that the
inclusion H., C H' implies (H')' C (H.,)’ for the dual spaces.

COROLLARY 2.9. Let Assumption 2.5 hold.
(a) For any f € (HL), there is a unique z € H, such that

(2.14) (E"(w)z,0) = (f,9) forall peHy,
which satisfies the estimate
2z < Coot (ws )| fl -
(b) Let z € HL be the solution of (2.14) with f € L. Then, it further holds that
Csol(u, k)
K

1£1lz2

2]z <
and, if Q is convez, then z € H? and

Izl 2 < Coor(u; £)[[ f]] L2
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Proof. By standard theory for indefinite differential equations (cf. [5]), the inf-
sup stability in Proposition 2.6 directly gives the well-posedness of (2.14) together
with the stability estimate |[z||g1 < Csor(w, %)||f||(z1)/, hence proving (a). The first
estimate in (b) is obtained from (2.11). Using this observation, we conclude that
z € H}, solves

dﬁ(z7(¢0) :m(f#’) for all QoeHiluv

for some f € L% with ||f|[r2 < Csol(u,5)||f||12, and thus Lemma 2.8 gives the

~

claim. 0

3. Space discretization and main results. Let us consider some finite di-
mensional finite element space Vj, which is a subspace of H*(£2) and where we recall
that we assume {2 to be a polygonal (or polyhedral) Lipschitz domain. By h we denote
a spatial parameter which tends to zero for a finer spatial resolution.

In order to derive a priori estimates for the error between a discrete minimizer
up, and a continuous minimizer u, we introduce the closed subspace VhJ- of V by
Vhl =V, N (iu)*+ C HL,, where the orthogonality is with respect to the inner product
m(-,-). Before we proceed, let us stress that VhL is just an auxiliary space that is not
required for practical computations but is only used as a tool in the analysis. For the
moment, u € H! can denote any minimizer of the energy E; however, later we will
link every discrete minimizer uy, € Vj, to a specific minimizer u in order to ensure that
the error becomes small.

As another theoretical tool, we require the orthogonal projection Ri P e
to satisfy

an(Rotpw, 0n) = e (w,0p)  for all @y, € V;H.

In the following assumption, we introduce some abstract conditions which are suffi-
cient to carry out our error analysis and which are later verified for our examples.

Assumption 3.1. The family of (nonempty) finite element spaces V}, has the
following properties:
(a) The family of spaces V}, is dense in H'(Q2) in the sense that for each p € H'
we have
lim inf - 1=0.
Jim inf{l¢ —onllm
(b) Let w € H, and f € L? such that a,(w,p) =m(f,¢) for all p € H. Then,
it holds that

(3.1) [lw =Rz pwllmz SPIFI 22
where the constant is independent of h and k.

The most prominent example that fulfills Assumption 3.1 is linear Lagrange finite
element spaces which are discussed at the end of this section. Property (a) is obvious
and to verify property (b), one first replaces |[f[|z2 by ||w||gz and uses (for a convex
domain Q) H?-regularity. We give the details below. Another, nontrivial example of
generalized finite elements spaces is presented in section 6.

Recall that we want to minimize the functional E from (1.1) over V4, i.e.,

KZ

5 (1= len]?)’ da.

. 1 .
(3.2) E(up)= inf E(en), E(eop) = f/ Vo + mAaph|2 +
PYnhEVRL 2 Q
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Note that since V}, is finite dimensional, the existence of a minimizer wuj, is always
guaranteed. Our first result shows bounds on the discrete minimizer uy in different
norms and the corresponding energy, which are independent of h and behave in the
parameter x the same way as the exact minimizer u studied in Theorem 2.2. The
proof is postponed to section 5.

LEMMA 3.2. For all h > 0 let up be a minimizer of (3.2). Then there hold the
bounds

B(un) $K% lunllz2 S, [[Vunlle S6, lusllm S5,

where the hidden constants are independent of h and k.

Our main findings are collected in the following theorem. We provide error bounds
for the discrete minimizers which are explicit in the parameter x and the mesh width
h. In addition, we show that the error behaves as the quasi-best approximation of
H} in V-

THEOREM 3.3. Let Assumptions 2.5 and 3.1 hold, and let h < hg be sufficiently
small such that in particular kCso)(u, k)h is small. Then, there is a neighborhood U C

HY(Q) of each discrete minimizer uy, of (3.2) such that there is a unique minimizer
ueU of (1.1) with

m(up,iu) =0,
and we have the error bounds

llu —un|[m S (14 £Csol(u, k)h) inf |lu—pnl|m,
PREVE
[ —unl|r2 S hCsol(u, k) (14 £Cso1(u, k)h) inf |[u— pul|m1,
PREVE

L

as well as the following estimate on the error in the energy:
0< E(un) = Bu) S llu —unllEp (1+&"2(Ju—unl|mz + sllu—unll3),

where the hidden constants are independent of k, Csol(u, k), and h.

The proof is divided into several steps which are outlined in detail in section 5.
The first application of the results is Lagrangian finite elements. In the following, we
denote by T; a conforming family of partitions of the domain 2 consisting of simplical
elements K. For the space P;(K) of complex-valued polynomials of degree less than
or equal to 1 on K, we consider the finite element space

(3.3) Vi i={on € HY(Q) | on|x € P1(K) for all K € Tp,}.

We assume that the partition 77, is shape-regular and the L?-projection, defined via
m(mhv, on) =m(v, o) for all @y, € V3, is H-stable, i.e.,

(34) lmnellm S llellas

with a constant independent of h. This condition is always fulfilled for quasi-uniform
triangulations but is also valid for certain adaptively refined meshes. For a detailed
discussion on criteria when (3.4) holds, we refer to [6, 13]. In this setting, we obtain
convergence rates which are explicit in the parameter x and the mesh width h.
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COROLLARY 3.4. Let the conditions of Theorem 3.3 hold, and assume in addition
that Q is convex. For Lagrangian finite elements which satisfy (3.4), the error bounds
in Theorem 3.3 can be further estimated by

l[w — un|| < k%h and HU*U}LHLQ(Q)SCSOI(U,K/)KZI’IP,

where the hidden constants are independent of k, Csol(u, k), and h.
The proof is presented in section 5.

4. Numerical experiments. Before we present the proof of our main result, we
illustrate our theoretical findings with some numerical examples confirming the rates
and the k-dependence in our error bounds. In the following we will hence compute
discrete minimizers

up, = arg min E(op)
Pr€VR
in P;p-spaces V;, for different mesh sizes h and different material parameters «. Note
that, just like analytical minimizers, discrete minimizers can be at most unique up
to gauge transformations, i.e., if up € Vj, is a minimizer, so is exp(—if)u, for any
0e—mm).

4.1. Implementation. For the discretization in space with linear Lagrange fi-
nite elements, we use the open source Python tool FEniCS [3, version 2019.2.0]. To
compute a discrete minimizer, we applied a steepest descent approach using an im-
plicit Euler method for the L? gradient flow. A direct application yields the following
nonlinear iteration:

n+1 n+1
Up, W)

m( 7(ph):m(u;zl>90h) _T<El(u PR

where 7 > 0 is some parameter. To avoid the solution of nonlinear systems several
times, we replace E'(u"t1) by the linearization

(E'(up ™), on) = aaup ™ o) + #% Re /Q(WZI2 ~ Duy g da,
and thus we have to solve the following linear system for uﬁ"'l € Vit
m(u}f“, on) + TCLA(UZ-H, on) + 1K Re/ﬂ(|u2|2 — l)uZ‘H(p;‘L dx =m(uy,pp)

for all ¢y, € Vj,. In our experiments, we set Q =[0,1] x [0,1] C R? and use on the finest
grid the initial value ug = 0.8 + 0.6i. For the coarser grids, we project this reference
solution and use this as a starting value. The magnetic potential is chosen as

Alz,y) = \/5( sin(7x) cos(my) >

— cos(mx) sin(my)

and satisfies the assumptions in (2.1). Further, we set 7 = =2 and used the stopping
criterion k2| E(ut) — B(u})| < & for a tolerance § = 10~°. Below this tolerance, we
use a Newton method for the equation E’(uj) = 0 with the previous approximation uj
as starting value and the same stopping criterion, but 6 = 1072, The code to repro-
duce the results presented in this paper is available at https://doi.org/10.35097,/1924.

Let us note that the steepest descent approach as described above can potentially
also find local minimizers of E in V},, depending on the choice of the initial value.
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However, we also note that global minimizers are typically found more easily and
that local minimizers (that are not global minimizers) can be identified and discarded
by comparing the energy levels.

Finally, let us also mention that the phase of the minimizer (i.e., which exp(—if)uy,
we find for some 6 € [—m, 7)) depends only on the choice of the initial value. Hence, it
is important to start the steepest descent method always with the same initial value
in order to ensure a reasonable comparison between minimizers on different meshes
(since phase differences might otherwise dominate the error).

4.2. Numerical results. We first illustrate the convergence in the spatial pa-
rameter h for different values of k. To this end, we computed a reference solution on
a finer grid using Agayx ~ 2.5-1073. In order to numerically verify Assumption 2.5 on
the local uniqueness of the computed minimizers, we proceeded as in Remark 2.7 and
computed the five smallest eigenvalues (in absolute value) of E”(uy) and collected
them in Table #TTWe observe that the first eigenvalue is essentially zero up to nu-
merical precision and we verified that it indeed belongs to iuj. The second smallest
eigenvalue is clearly bounded away from zero, and the computed minimum is hence
indeed locally unique in the sense of Definition 2.4.

In order to compare the results for different values of k, we divide the error in
the H!- and L?-norm by x? and the energy by x*; see Figure 4.1. Here we recall that
according to Corollary 3.4 we expect the H}!-error to convergence with the rate x2h,
the L2-error with the rate x2h2, and the energy-error with the rate x*h2. Indeed, we
observe the predicted asymptotic convergence in h and, in particular, the numerical
experiments confirm the k-scaling in our error estimates. The plot further indicates
that the constants in front of the normalized errors are independent of . Further, we
observe in Figure 4.2 the uniform boundedness of ||ux||g1 and E(up) as predicted in
Lemma 3.2.

Let us also note that for larger values of x, we observe a preasymptotic behavior
in h. We expect that this is related to the smallness condition for kKCso(u, k)h stated
in the theorem, which is required below in Lemma 5.4 for the discrete inf-sup stability.
Since beyond the (numerically observed) threshold xh < 1, the errors coincide for all
values of k, this is still in alignment with our theory.

To further investigate the preasymptotic effect, we added a comparison of our
errors with the best-approximation Ry (u) in V3 with respect to a.(-,-). To be
precise, for our reference solution u, we computed the orthogonal projection Ry, »(u) €
V4, such that

(4.1) ar(u—Rupn(u),¢p)=0 forall ¢peVp.

By comparing our errors ||u — up||g1 with [|u — Ry n(u)|[m1, we can identify possible
numerical pollution effects related to k. The corresponding results are depicted in

TABLE 4.1
The numerically computed five smallest eigenvalues of E" (up) with reference solution uj, and
k=8,10,17,24.

K A A2 A3 A4 As

8 ~10—12 2.65 2.65 7.54 7.71
10 ~ 10712 3.37 3.37 3.78 10.70
17 ~108 0.46 0.57 2.63 2.75
24 ~ 109 0.51 2.03 2.03 5.52
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k~2-weighted H!-error k~2-weighted L2-error
10° 7 7
E ] %
1 10-2 4 e
107! 4 5 ]
"7 107 5
1072 5 1072
i 107°
1073 E
3 1076 4
T T T T
1072 107¢ 1072 1071
maximal mesh width h maximal mesh width h
k~4-weighted energy-error
1073 4
1074
1075 5
1076 4

1072 107!
maximal mesh width h

FIG. 4.1. Convergence in the mesh size h for k-weighted errors in the H:- and L?-norm and
for the energy, for k = 8,10,17,24. The errors between u and uy, in L% and H) are scaled by k=2
and the error in energy by k~%. The dotted lines indicate the corresponding errors (in L? and H},
respectively) between u and its best-approzimation R p(u) in Vi, with respect to ax(:,-); cf. (4.1).
The dashed lines indicate order O(h) in the upper left figure and order O(h?) in the upper right and
bottom left figures.

Figure 4.1 and reveal a very interesting phenomenon. Contrary to uy, itself, the best-
approximation does not show any visible preasymptotic convergence. On the contrary,
in the asymptotic regime both approximations have a very similar behavior and follow
the expected rates closely. Since both errors are expected to behave asymptotically
as

lu = un|lmy +[lu =R p(u)l[gp S pmin{l, hr}

(due to the energy bounds ||ul|g: + [|us||m: S %), we suspect that the necessary res-
olution condition hx < 1 will only become visible for larger values of k, whereas
the preasymptotic convergence of u; must be related to the smallness condition
kCso1(u, £)h. This is further supported by the right-hand side of Figure 4.2, where we
compare the energy E(Ry 5 (u)) of the best-approximation with the energy E(uy,) of
the actual minimizer in V},. The energies in Figure 4.2 on the finest level are given by

K 2E(up) =1.29-10"" for k=8, Kk 2E(up) =8.24-1072 for k=17,
K 2E(up)=1.05-10"" for x =10, Kk 2E(up) =6.84-1072 for x = 24.
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k~l-weighted H!-norm Kk~ 2-weighted energy
1.2
0.4 .
. —
—— ~ 0.3 4 A
0.8 1 S
; ».
0.6
0.4
0.2
T T T T
1072 107t 102 107!
maximal mesh width A maximal mesh width h

——K=8 we-k=8 k=100 k=10
k=17 0 k=17 kK =24 0k =24

FIG. 4.2. Boundedness of the scaled H}:-norm and energy E with respect to h for k = 8,10,17,24.
The dotted lines show the energy of the best-approximation R, p(u) in Vj, with respect to ax(-,-).

- @@ - @
10 10]
as o8 a8
os o6 as
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Fic. 4.3. Mintmizers for the Ginzburg—Landau parameter k = 20 and different mesh widths
ha8-1072,4-1072,2-1072,1-10=2 (from left to right).

We can see that, in the preasymptotic regime, the energy of R, j(u) is indeed sig-
nificantly larger than the one of uj,. This explains why good approximations are
not found on coarse meshes and indicates that one cannot capture the correct vortex
pattern on meshes which do not satisfy some further resolution condition on h with
respect to k.

In our second experiment, we first computed for x = 20 the discrete minimizers
for different values of h~8-1072,4-1072,2-102,1-102; see Figure 4.3. We observe
that the number of vortices remains constant on the different discretization levels,
but the minimizer is rotated by 7. A simple calculation shows that by our choice of
A this rotation of the coordinate system leaves the energy invariant. In particular,
this illustrates that the density |u|? of minimizers is not necessarily unique and that
convergence of discrete minimizers can only be expected up to a subsequence, even for
a fixed gauge condition. On the other hand, we plotted the minimizers for the values
k=28,10,17,24; see Figure 4.4. We observe that the number of vortices increases with
larger values of k, which is in agreement with analytical results [2, 44].

5. Proof of the main result. In this section, we provide the proof of our main
results, Theorem 3.3 and Corollary 3.4. We first show an abstract convergence result
in order to identify possible limits of a sequence of discrete minimizers. Those are then
used to establish convergence with rates, if we are sufficiently close to a continuous
minimizer. Throughout this section, we let Assumptions 2.5 and 3.1 hold.
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Fic. 4.4. Different minimizers corresponding to the Ginzburg-Landau parameters k =
8,10,17,24 (from left to right) for h~2.5-1073.

5.1. Abstract convergence result. In order to deduce convergence, we first
establish bounds on minimizers in the discrete space V}, which are independent of the
spatial parameter h as formulated in Lemma 3.2.

Proof of Lemma 3.2. First note that for all h > 0 we have 0 € V},, and thus by the

minimizing property, we conclude the bound on the energy
;o2

Blun) < B(0) < - vol(9).

This gives on the one hand
[[Vup + ikAug|| 12 < E(up)'/? < kvol(Q)'/2,

and on the other hand we estimate

K2

K2 9 2 2 K 1/2
S~ un 2 < 5 [ (0= funl)* (L ) do < B(0) = 75 vol() 2,
Q
and thus conclude
[lun|lrz <1 — |unl||L2 —i—vol(Q)l/2 < 2V01(Q)1/2.

Combining the estimates above, the bound on ||Vuy||r2 directly follows. d

With the uniform estimates on the discrete minimizers, following the approach in
[10], we employ the Banach—Alaoglu theorem to obtain some limit which is an exact
minimizer and by Assumption 2.5 locally unique up to complex rotation.

PROPOSITION 5.1. Denote by (up)nso a family of minimizers of (3.2). Then,
there exists a minimizer ug of (1.1) such that there is a monotonically decreasing
sequence (hy)nen with

lim ||ug — up, ||gr =0.
n—00 r
In particular, we can define the twisted approximations
Up, = eruy,, where ¢, € [=%, ] is chosen such that m(up,, ,iug) =0,
which also converge in H', i.e.,
lim |[up, — uol|mg: = 0.
n—oo

Conversely, for any n, the minimizer uy,, is an approzimation to e~ ®ru.
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Remark 5.2. The assertion of Proposition 5.1 can be interpreted as follows. As-
sume that there exists a (sub-)sequence of discrete minimizers that keeps a positive
distance to all exact minimizers; then this would be a contradiction to Proposition 5.1.
Hence, for h sufficiently small, one always arrives at a neighborhood of some minimizer
ug, which is precisely the claim in Theorem 3.3.

Proof of Proposition 5.1. The proof of convergence of a subsequence is along the
lines of [10] if one takes into account the bounds provided in Lemma 3.2 together with
the weak lower semicontinuity of F; see Theorem 2.2 and Assumption 3.1.

For the twisted approximations, we note that we can find some ¢,, € [-7, §] such
that real part of the inner product with iug vanishes if n is large enough. Thus, we
obtain by the choice of ¢,

sin g, m(un, ,un, ) =m(e@ uy, ,iuy, ) =m(e® uy, i, —iug).

n?

Since the right-hand side tends to zero, either ug =0 or ¢,, — 0 holds. In any case,
we have

ign

H} _>Oa

[an,, —wollmy <[lun, —wollmy + 1= e[ |un,|l

which yields the assertion. 0

5.2. Discrete inf-sup stability. In order to derive the error estimates, we first
establish a discrete version of the inf-sup condition in (2.6). In the proof, we need the
following consequence of Assumption 3.1.

COROLLARY 5.3. Let Assumption 3.1 hold, and let z € H}, be the solution of
(B"(u)z,0) =(f,) for all p € Hj,.
Then, there holds the estimate
(5.1) 1z = Rzl 2 < Coo(u, w)RI|f ] 2.

Proof. According to the representation of E” in Lemma 2.3, we bring the terms
depending on u to the right-hand side and for f. = r?((|u* — 1)z + u?2* + |u[*z) — Bz
we obtain

an(z,0) =m(f,0) —m(fs,) forall p€ Hy,.

Here, f, satisfies

1£:11z2 S #2112l 22 S Csot (s K)[1fl 22,
where we used part (b) in Corollary 2.9, and the approximation (3.1) in Assump-
tion 3.1 gives the claim. O

The proof of the next lemma, which states the discrete inf-sup stability, is inspired
by the thesis [41, Prop. 8.2.7], where this was done for the Helmholtz equation.

LEMMA 5.4. Let Assumption 2.5 be fulfilled.
(a) If KCsoi(u, k) is sufficiently small, it holds for all wy, € V- that

E//
llwnl [y S Coor(u, k) sup (E" (w)wn, on)
) PhEVE |len !l

where the constant is independent of h and k.
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(b) For any f € (HL,)', there is a unique wy, € V;.- such that

(B" (w)wp, on) = (f.on)  for all p € Vi
and it holds that

lwallerz S Csor(w, &)1 1|y -

Proof. Part (b) is a classical stability bound for inf-sup stable problems; cf. [5,
Thm. 2.1]. Hence, claim (b) directly follows once we have shown (a). To do so, we
fix wy, € V- and observe for arbitrary z € HY,

(E" (w)wp,wy, + 2)
5.2
(5:2) = aa(wp,wy) + K2 Re/ (2lul® = V) wpwy; + wPwjwy, dz + (E” (u)z, wy).
Q

Let z € H}, be the unique solution to
(B"(u)z,0) =m(f.p) forallpeHy,  with f=(8+2k")wn,

which exists by Proposition 2.6 and Corollary 2.9, and insert it into (5.2). Then, we
obtain from (2.4) together with Lemmas 2.1 and 2.3 that

leonl 211 < (B (w)uon, wn + =) < (B (u)uon, wn + R n2) + llonl IR 2 — 2l 1
E”uwh h
< sup WO R s+ honl IR E Rz — 2.
enevit  llenllm

It remains to study the terms with z. Here, we establish with Corollary 2.9 and (5.1)
the bound

fllllmy + P71z = Ry pzlla S Csol(uw WISl 2 S KCsor(u, ) [wn Lz

From this, we finally conclude
(E" (w)wn, ¢n)

llwnl[7y < sup Ciot (u; 1) [wn |11 + KCsol (u, &)l [wnl |73,
" ppeVt l[on| e .
and obtain the assertion (a) if KCso1(u, k)h is sufficiently small by absorption. ad

5.3. Convergence with rates. After these preparations, we can derive the
error equation employing the second Fréchet derivative E”. To this end, we strive for
a representation of the form

(5.3) (E" (w) (R pu — un), ¢n) =enlen)

for ¢, € Vhl and employ Lemma 5.4 to conclude a bound for Rihu — up. The right-
hand side €y, is studied in the following lemma.

LEMMA 5.5. Let w and up be minimizers of (1.1) and (3.2), respectively.
(a) For ¢ € V- there holds the representation (5.3) where j, = gl +nortin gnd

elin(on) = K2 Re /

[ (@l = DR = ) + P (R = w)° )

,62Re/(Rthu—u)¢2d:ﬂ,

Q

Enonlin( ):2,€2Re ‘u|2u 7 dr + K% Re |u ‘2u pdx
» On i o o R|"URPH

— K2 Re/ (2[ul?up + uPuj,) @, da.
Q
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(b) The error terms are bounded by

llen™ ey < llu =Ry pullzz,

lero™ |l crrry S K(llu—unllfs +[lu—unllis),

where the constants are independent of h and k.

Proof. Inserting the exact solution u, we decompose €j as

o) = (B (@) (R = won), i (on) = (B () (= wn), o),

and treat the two terms separately. We begin with the linear part and use Lemma 2.3,
the definition of a(+,-) in (2.4), and the orthogonality condition of Rt ,, to obtain

(E"(u)(Ryy pu — u), ¢n)
= aA(Rihu — U, Pp)

e [ (= DL )+ R~ 0)” + P (RE ), da
Q
:—BQRe/(Rihu—u)go;:dx
Q
e [ ((uf? = DR = 0) + w (R = )" + P (R = ) do
Q

Using that &|[on||z2 < |[¢n|lm gives the first estimate in part (b).
For the nonlinear part, we note with Lemma 2.3 the identity for v, € H*

(E"(v)v, @) = (E'(v), ) + 2K> Re/Q [v[2vp* da.

Since (E'(u),pn) = (E'(un),¢n) =0, we expand

(E" (u)(u—up), on) = (B" (w)u, on) — (E" (un)un, on) + ((E" (up) — E" (u) )un, n)

:2/@2Re/9|u|2uap,*1dx—2/@2Re/ﬂ|uh|2uhgp}§d9&
i Re [ 2 = P )ung + (o o), do
:2/-;2Re/ﬂ|u|2ucp2dx+n2Re/Q\uh|2uh<p;’;do:
— K2 Re/§1(2|u\2uh+u2u;§)<p2dx,

where we collected terms in the last step. For the estimate, we write u;, = u — ep and
compute

(5.4) 20ul*u + |up|?up — (2|u|2uh + u2u’;) =2ulen|? + etu* — |en|*en,

which together with |u| <1 and the Holder inequality gives the second bound. ]

Now we have everything together to prove the first part of Theorem 3.3, i.e., the
H'-estimates for the discrete minimizers.
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PROPOSITION 5.6. Let u and up be minimizers of (1.1) and (3.2), respectively,
and assume the orthogonality m(up,,iu) =0.
(a) We have for the fully discrete error

= unl 1y = Rl + 5 Caon ()] [0 = R .

+ # Coor(u, &) (||t = unl|Fa + [[u = upl[7s) -

(b) For h small enough and the (unique) minimizer u in Proposition 5.1, it holds
that

llu—wnllmy S llw—Ri pullmy + 6 ot (u, #)|[u =Ry yull e

Let us point out that (a) holds for any minimizers u and uj. But to ensure that
the higher order terms are indeed negligible, we need the a priori information from
the abstract convergence result in Proposition 5.1.

Proof of Proposition 5.6. (a) Using the triangle inequality, we obtain
llu = unl[mz S llu = Ricpullimg + Ry pu = unl
and are left to bound the second term. Lemmas 5.4 and 5.5 then give

R pte — unll 1 S Coor(u, 5)|len]| a1y

< KCisol(u, K) ([Ju = Ry pul 22 + |lu — unl[Zs + [Ju — unl[7o),

and the bound is established.
(b) With the convergence shown in Proposition 5.1 for h sufficiently small, we
can absorb the higher order terms, and obtain the claimed estimate for h < hg. 0

We can further show quadratic convergence in the L?-norm for the discrete min-
imizers using an Aubin—Nitsche argument.

LEMMA 5.7. Let u and up, be a minimizers of (1.1) and (3.2), respectively, and
assume the orthogonality m(uyp,iu) =0. We have for the fully discrete error

||U - Uh||L2 ,S Osol(uzfi)hnu - uhHHi

+ Csot (u, k)| [u = up ||z (|[w = unllzs + |Ju— unl|Zs),

and hence for h sufficiently small, it holds for the (unique) minimizer u in Proposi-
tion 5.1

[lu = un||p2 S Coor(u, k)| |u — un|| gy
Proof. Recall the abbreviation e, =u — up, and let z € Hilu be the solution of
m(E" (u)z, @) =m(en,p),
and note that Corollary 2.9 and (5.1) give the estimate
(5.5) kllzllms + Bz = Rip2lla < Coon(u,w)|len ]2
Using the symmetry of E”, we can decompose the error as

llenl72 = (B"(u) en, z = Ry p2) + (B"(u) e, R p2) = E* + €p°" " (Ry; ,2),
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where 820“““ is defined in Lemma 5.5. We estimate the first term with Lemma 2.3
and (5.5)

E' S llenllm llz = R azllmz S Csot(u, k)Rl el llenl 2

For the second term, we use the representation of £}°"i" in Lemma 5.5 and (5.4)
together with (5.5) and the Holder equation to obtain
™™™ (R 2)| S w2 — wnllz2 (1Ju = unllzs + [lu = unl[Ze) [ Ric 2]l
< KCiot(t, )|l — un |2 (1w — wnllzs + [Ju — unl|Zs ) llenll 2,
where we used /<;|\Rt’hz\|H1 Sllzl[ar S Csor(u, )|[enl[z2 in the last step. Combining
the two bounds and dividing by ||ep||r2 gives the desired estimate. O
A similar trick gives the improved convergence of Rih in the L?-norm.

LEMMA 5.8. For kh small enough, the following bound holds for all w € H} :
[|lw =R (w)]] 22 S hlfw = Ricp (w)| ]z

where the constant is independent of h and k.
Proof. We use an Aubin-Nitsche argument and let z € H{, be the solution of

G (z,0) =m(w — Rihm @) forall pe HY.

Using orthogonality, we have by (3.1) that
|Jw — Rith%? =ay(z — Rthz’w - Rihw) Shllw — RithL?Hw - RithH;,

and the claim follows. O

Finally, we provide the error bounds for the energy which behaves in the lowest
order as the square of the error in the H!-norm.

LEMMA 5.9. Let u and up, be minimizers of (1.1) and (3.2), respectively. The
error in the energies is bounded by
0< E(up) — E(w) S |lu— w3 (14 &2 [Ju = up| |z + #llu = unl3).
We note that the powers of k can be improved in the case d = 2, but since the
leading order term does not change, we will not give any details here.
Proof of Lemma 5.9. Since V), C H*, we have E(u) < E(uy), and thus the lower

bound. In the next step, we derive the representation

(5.6)

E(up) — E(u) = %aA(u — Up, U — Up)

2
+ %Re/ (1- |uh\2)2 —(1- |u\2)2 +4(|u|2 — Du(u —up)* de.
Q

Let us first note the identity

1 1
iaA(u — Up, U — Up) = §aA(uh,uh) - §aA(u,u) +aa(u,u—up),
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and rewrite the energies as

E(up) — E(u)
1 1 2

K
= —aa(up,up) — ~aa(u,u) + — Re/ (1= Jup|*)® = (1= |ul*)? da
2 2 4 0

1 2

= §aA(u —up,u— up) + %Re/ (1= Junl®)? = (1 = |u|*)?dz — aa(u,u — up).
Q

Since u is a minimizer, we have (E’(u),u —up) =0 and thus by (2.5)

—aA(u,u—uh)zmzRe/(MQ—l)u(u—uh)*dx,
Q

and hence (5.6) holds. The first term of the representation gives the H}-norm in
the estimate, and it remains to study the nonlinear part. We first investigate the
difference of the squares. As before, we write up = u — e and obtain

(1= Ju—en]?)* = (Jul* + |en]® — 1 — 2Re(ue}))?
=lul* + 1 —2Jul> +4(1 — Ju|?) Re(uel) + O(len|® + |en|® + |en]*),
which gives
(1= Junl?)? = (1 = |u[*)* = 4(1 — [u]*) Re(ue,) + O(len]? + len|® + |en] ).

We now show that the part, which is linear in ey, is canceled by the last term in (5.6).
In fact, since it holds that

4Re(|ul? — Vu(u — up)* = 4|u|? Re(ue}) — 4Re(ue}),
we conclude from (5.6), the fact that |u| <1, and the Holder inequality the bound
E(un) = E(u) S |lu —unlf + £ (Jlu = unllf2 + [lu = unll7s + [lu = unl[74).
To show the final estimate, we use interpolation theory (see, e.g., [37, Thm. 2.6]) with
=9+ 12% for =1 to obtain for we H'
W2 llel s < w172 (ollol22) ™ w267 S 2 ol
and similarly with % = g + 1%9 for 6 = i
K |wl|a S w(llwl] ) |[wl|ze S kllwll
and the second claim is established. O

We can finally give the proof of our main result.

Proof of Theorem 3.3. We mainly collect the results shown in Proposition 5.6 and
Lemma 5.7, together with the L?-estimate in Lemma 5.8, and Lemma 5.9, and the
claims are established. ad

5.4. Application to Lagrange finite elements. In this section, we consider
the linear Lagrange finite element space V}, as defined (3.3). In order to derive the
corresponding error estimates through verifying the assumptions of Theorem 3.3, we
require the L2-orthogonal projection onto the ansatz space Vj, as an auxiliary projec-
tion. We recall the L?-projection for v € L? as

m(mpv,on) =m(v,pp) forall p € V.

In the following lemma, we provide corresponding estimates in the H}-norm which
are the first step toward verifying part (b) in Assumption 3.1.
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LEMMA 5.10.
(a) The L2-projection y, is stable in H}, i.e., it holds that

where the constant is independent of h and k.
(b) For all z € H? it holds that

Iz = mn2llmy S hl|2| me,

where the constant is independent of h and K.
(c) If Q is convex and z € H}., satisfies for f € L? the equation a,(z,¢) =m(f,¢)
for all p € HL | then

Iz = mnzllmy S BIf]lLe-
Proof. Due to (3.4), standard arguments lead to the bounds on the L2-projection
in parts (a) and (b). Part (c) is a direct consequence of part (b) and Lemma 2.8. 0O

In the next lemma, we relate the orthogonal projection, which takes into account
the orthogonality to iu in m(-,-), to the L?-projection.

LEMMA 5.11. For kh small enough, the following bound holds:

=R (@) Sl — mnllmy, @€ H,.

Proof. For ¢, € Vi, we let Pi .V}, — V,- be the mapping that adjusts the angle
to iu via

m(pn, iu) :
pt =) — ——— .
We obtain for any ¢ € H},
o = R (@)
m(mnp — i)

Slle = (P omn)ellmy < lle = mnellaz + [|7n (w)]| a2z

m(rmp (iu), iu)

||u||L2 Hu”Hl
7 (w) fiu,iu)JrHuH%Q "

Slle = mnella: + [l — mepl| L2
m(

K
Slle — mrella + 17CFJL||<P—7Th<P||L2 Slle =7l aes
where we used in the last step that |7, (1u) — iul|r2 < hl|u||gr < kb holds. d

These preparations lead to the error bounds for our first application.

Proof of Corollary 3.4. From Lemmas 5.10 and 5.11, we obtain that Assump-
tion 3.1 holds, and thus we can use the bounds in Theorem 3.3. In addition, we
recall that € is assumed to be convex, and, hence, the approximation estimates due
to Lemmas 5.10 and 5.11 yield

llu — R pull iz S hllullz S k%A,

where we used Theorem 2.2 for the last step. This establishes the claims. 0
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6. Relaxed k-dependencies in LOD spaces. In this final section we present
a nonstandard application of the abstract approximation result in Theorem 3.3. For
that we consider spaces based on the so-called localized orthogonal decomposition
(LOD). LOD spaces were originally developed in the context of elliptic multiscale
problems with rough coefficients to efficiently handle low regularity and unresolved
scales [39]. An introduction to the methodology is given in the textbook by Malqgvist
and Peterseim [40] and the review article by Altmann, Henning, and Peterseim [4].
Recently, new applications of these spaces emerged in the field of quantum mechan-
ics, where they were used to boost the performance of traditional discretizations
[31, 33, 50]. As we will see, the GLE could be yet another promising application of
LOD spaces in the context of quantum physics.

To define suitable LOD spaces for the GLE and to characterize its approximation
properties in an abstract way, we start from a linear Lagrange finite element space
Vi, as defined in (3.3) and assume that the underlying triangulation 7y is shape-
regular and quasi-uniform. The LOD space is now constructed from V}, by applying
the inverse of a differential operator to the functions of V}. In our case, we use the
differential operator associated with the bilinear form a,(-,-,). The construction is
made precise in the following definition.

DEFINITION 6.1 (LOD spaces). Let a,(-,-) denote the symmetric, continuous, and
coercive bilinear form on H'(Q,C) given by (2.2) and let A' denote the corresponding
solution operator on L?, i.e., for f € L*(Q2,C) the image A;lf € H' is given by the
solution to

(AN o) =mf, ) forallpe H.
With this definition, the LOD space based on ax(-,-) and Vj, is given by
VEOP .= A1,

We note that the above definition of LOD spaces formally differs from the con-
struction given in the classical references [39, 32, 30]. However, the characterizations
are indeed equivalent as can be extracted from, e.g., [29] and [4].

From a practical perspective it is also important to note that the space VhLOD ad-
mits a quasi-local basis, i.e., basis functions that are (super-)exponentially decaying
in distances of the mesh size h. Details on the practical computation/approximation
of such basis functions are given in [24] and recent superlocalization strategies are
presented in [29]. Corresponding numerical errors that might arise from the approxi-
mation of basis functions are well understood [4] and will be for brevity disregarded
in the following error analysis.

The approximation properties of the idealized space V;FOP are summarized in the
following proposition.

PROPOSITION 6.2 (approximation properties of VFOP). Let VEOD be the LOD
space from Definition 6.1 and let f € L? be given. If u € H' denotes the solution to

in(u,0) =m(f,)  forallpeH'

and if RE,(,)ZDu € VhLOD denotes the corresponding (-, -)-Ritz-projection of u in VhLOD,
then it holds that

(6.1) llu =R ul [y S RS =7 fll 22
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where we recall 7y, : L2 — V), as the L?-projection on Vj,. The hidden constant in (6.1)
is generic and depends on the coercivity and continwity constants of a,(-,-), as well
as the mesh regularity, but it does not depend on h and k.

Furthermore, for every ¢ € H' there exists a unique decomposition such that

(6.2)
¢=¢"P + ¢y, where "OP € VEOP mh=0, and  a, (0P, ¢0) =0.

The result is standard and can be found, for instance, in [33] for homogeneous
Dirichlet boundary conditions. For generalizations to higher order finite element spa-
ces and to only piecewise smooth source terms f, we refer to [38].

To apply the general error estimates in Theorem 3.3, we need to verify Assump-
tion 3.1 for the LOD space V,;FOP. Analogously, to standard Lagrange finite elements,
it is also possible to quantify the approximation properties of RI,;OhD for general smooth
functions. This is done in the following lemma.

LEMMA 6.3. Let V,{“OD be the LOD space from Definition 6.1 and let the corre-
sponding Ritz projection w.r.t. a.(-,-) be denoted by RI,;O,LD cH' - VhLOD. Then, for
every w € H? with Vw -v =0 on 99, there is an f, € L2 such that

a(w,0) =m(fuw, @) and ||follrz S llwl|mz.
Consequently, for all w € H? with Vw -v =0 on 0 it holds that

llw = RGP wl [y S hllwl| sz

Proof. From (2.13), we obtain using integration by parts
dk(w, @) = Re/ (—Aw + B*w + 2ikAVw + K2 |A]Pw) o™ dz = m( fu, ©)
Q

and the bound for ||fy||z2 follows. Proposition 6.2 finishes the second part of the
lemma. d

As the set of H2-functions with a vanishing normal derivative on 92 (for a polyg-
onal Lipschitz domain) is dense in H! (cf. [14]), this lemma establishes property (a)
in Assumption 3.1. For the second property, we need a variant of this result given in
the next two lemmas. First, we give an estimate on the (standard) Ritz projection.

LEMMA 6.4. Let V;EOP be the LOD space from Definition 6.1 with corresponding
Ritz projection w.r.t. a.(-,-) given by RE%D :HY - VEOD | For f e L? let w e HY, be
the solution of

an(w, ) =m(f,@) forall e H,.
Then, it holds that

LOD
lw =R 5" wllay S bIf]] L2

Proof. As in the proof of Lemma 2.8 in (2.12), we know that w solves the vari-
ational problem also tested against all ¢ € H' for some modification of f which is
bounded in L? by ||f||z2. Hence, the assertion follows from Proposition 6.2. |

However, for property (b) in Assumption 3.1, we further need a bound on the Ritz
projection which preserves the orthogonality with respect to iu. The following lemma
shows that one can reduce these error bounds to those established in Lemma 6.4.
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LEMMA 6.5. Let again RLOD H' — VEOD denote the Ritz projection onto the
LOD-space VhLOD and let
RLELOD. g1

K,h 1u

V,EOP A (iu)*
denote the corresponding Ritz projection onto V;EOP N (iu)L. If h is small enough, in
particular h < k™Y, then it holds for all p € HY that

LLOD
e =Ry “Pollm Slle — RS ol

Proof. To proceed as in the proof of Lemma 5.11, we note that by the LOD
decomposition (6.2) we have m, (iu — RLOD(lu)) = 0. Hence, with the approximation
properties of mp,

(6.3) IR" (1) —iull g2 S AIIRESGY (i) —iullgy S R liullm S k.
This implies for all ¢ € H},
lle — R Pl |z

m(RG ¢, iu)
5||<P—<RLOD<P WREQP( u) ||| z2

m(RIf;?LDSD @, iu) ||RLOD

m(RGP (i), i)

<l =R ollm + (iu)| |2

Y e = Rl + o — REP 1o el - ul

Y — PllaL Y — 2 ot
(RESD () — 1)+l B

Sl ~ RSPl + [l ~ REP s 5 [l — REP gl -

1-

Lemma 6.5 together with Theorem 3.3 guarantees that the H!-error between an
exact solution w and a corresponding approximation in the LOD space is bounded by
the projection error ||u — RE9 h Dl m1- The next lemma quantifies this error.

LEMMA 6.6. Let u be a minimizer of (1.1) and let R,I;?LD : H — VEOD pe the Ritz
projection onto V,}OD. Then it holds at least

LOD 372
u— REQPul [ S
and, if Q) is convez, we have u € H? and the estimate improves to
[lu = Re3Pul [y S 5.

Proof. We want to apply Proposition 6.2. By E’(u) = 0 we have for every ¢ € H}
that

i (u,p) = > Re/ up* dr — K? Re/ (Jul* = ) up* dz = m(B2u — &> (|Jul* — 1)u, @).
Q Q

Since f%u — £ (|u|? — 1)u is at least in H' and even in H? for convex domains, one
easily verifies that for s =0,1

[18%u — w2 (Jul* = Dul [+ < K7[[ullre <52,
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and for s =2
18%u — &2 ([ul® = Vull g S &2 (Jullfyre + [lullg2) < w7

where we used the bounds from Theorem 2.2 and in particular repeatedly |u| < 1.
The estimate now follows with Proposition 6.2 and standard estimates for the L2-
projection 7, on P1 finite element spaces. 0

By collecting the previous results we obtain our final main result which shows the
superapproximation properties of the LOD space, even on nonconvex domains.

THEOREM 6.7. Let Assumption 2.5 hold and let h be sufficiently small in the
sense of Theorem 3.3. If VhLOD denotes the LOD space from Definition 6.1 and if
u%OD € VhLOD is a corresponding minimizer of the Ginzburg—Landau energy with

E@wOP)= inf E(p),
WhOP) = _inf, Bl)
then there is neighborhood U C H () of uk©P and a unique minimizer u € U of (1.1)
with m(uk©P iu) =0 and such that

Coot (u,5) |Ju — up P L2 (o) + b lJu — up®P || S K2 HP,

and for convexr domains Q (and consequently H?-solutions) it even holds that

Coot (u,5) |Ju — w2 (o) + A lJu — up®P || S &R

Proof. Proposition 6.2 and Lemmas 6.3, 6.4, and 6.5 guarantee that Assump-
tion 3.1 is fulfilled for V;X©P. Hence, we can apply Theorem 3.3 together with Lem-
mas 6.5 and 6.6 to conclude that for all sufficiently small h and for v € H® with
s €{1,2} it holds that

[ = Oy < =Ry P ullmy < llu = REGPul |y € 572 hoF

and

llu =Pl L2 S Coot (u, w)h [Ju — w1 S Coor(u, k) K52 RS2 o

Remark 6.8. It is worth noting that, in LOD spaces, one can also improve the
smallness condition on £Cye1(u, k)h required for the inf-sup condition in Lemma 5.4. In
fact, a precise inspection of the proof leads to a smallness condition on k2Cyo)(u, )h?,
which is in general weaker if 1 < Cyo1(u, k). However, since the abstract result contains
a term of the form 1+ kCso(u, Kk)h, one cannot exploit this any further in the error
analysis, and we thus refrain from giving the proof here.

Appendix A. Matrix representation of E”(up). In the following we briefly
discuss the matrix representation of E’(up) and the computation of the lowermost
eigenvalues. For that, let N}, = {z1,...,2zn} denote the set of nodes of the mesh 7,
and let ¢; € V}, denote the real nodal shape function with the property

¢j(zk):6j for aHlS],]fSN
Consequently, a nodal basis of V}, is given by the set

{01,101, ¢2,id2, ..., N, 1PN}
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We are seeking a matrix representation of the operator (E” (up)vp,wy) for arbitrary
v, wp, € V. By expanding vy, and wy, in terms of the nodal basis functions we obtain

N N N N
_ Re Im d _ Re Im
vp = v dj + v; "1, an wp, = w; " Pj+ w; " 1g;
Jj=1 Jj=1 j=1 j=1

for corresponding coefficient vectors vi¢, vi™ wie wim ¢ RV with

v{{" v%m w?e w{m

VRC — . , VIm — . , WRC — . ’ wIm — .
Re Im Re Im
UN UN W W

Hence, we can write
Re\ | RR R Re
" (W A(up) A(up) v
(E" (un)vn, wp) = <Wlm) (A(uh)m Aup)! yIm
for a block matrix A (up) € R*V*2N | Recalling the representation of E”(uyp,) as
(E" (up)vp, wp) = Re/ (Vo +ikAwy,) - (Vo + iFLAU)h)*
Q
+ ,'<;2((|uh|2 — Dwpw} +uiviwy + |uh|2vhw2) dx,

we compute the corresponding blocks of A(uy) as follows. For the upper left block
we obtain straightforwardly

Alup)E :Re/Q Vi - Vo, + &% (AP +2Jup|® — 1+ u}) ¢, dx

:/ Vi - Vo, + &% (A — 1+ 3Re(up)® + Im(up)?) dr; dz.
Q

For the upper right block we have

Aup)iy

- Re/ﬂi(wk + rAigr) - (Vé; +ikAd;)" +is? ((Jun|® — 1) — ui + [un|?) oo, dz

N /Q k(0 A- Vi, — oA V) — k* Re(iug, ) prg; da

= /Q K (pjA-Vor — rpA-Vo;) + 2r% Re(up) Im(up) pro; da.
Analogously, we obtain for the upper left block
Alup) i = /Q k(oA -Voj —¢jA- Vi) + 262 Re(up) Tm(up) ¢rd; da.
Finally, the lower left block is given by
Alup)h = /Q Vi - Vo + &% (JA]” — 1+ Re(up)? +3Im(up)?)) dro; da.

By assembling the blocks in a standard way, we obtain the matrix A(uy). Since
(E"(up)-,-) is symmetric, A(up) must be symmetric too. This is also easily seen by
the observations that

Aup) S8 =Aun) Al =Aun)i,  and  A(up)gy = Aun) i
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Note that a matrix representation of m(vp,wp,) is straightforwardly given by

WRe T M 0 vRe
m(vihwh) = <W1m> < 0 M) <vhn) )

where M € RV*N is the conventional mass matrix with entries M, = fQ P, dx.
Hence, the eigenvalues of E”(up) in the sense of definition (2.8) are given by the

system

A(up)BR O A(up)®Y [(vRe) \ M 0 vie

A(up)B Afup)t ) \vim ) — ‘Lo M vim )
Due to the symmetry of the matrices, the smallest eigenvalues can be easily computed
with a standard method such as the inverse power iteration.

Acknowledgments. The authors would like to thank Qiang Du for the very
helpful comments on the introduction of the paper and for pointing us to additional
important literature references. Parts of this paper were written while the authors
enjoyed the kind hospitality of the Institute for Mathematical Science in Singapore in
February 2023 during the program on “Multiscale Analysis and Methods for Quantum
and Kinetic Problems.”

REFERENCES

[1] A. A. ABRIKOSOV, Nobel lecture: Type-11 superconductors and the vortex lattice, Rev. Mod.
Phys., 76 (2004), pp. 975-979, https://doi.org/10.1103/RevModPhys.76.975.

[2] A. AFTALION, On the minimizers of the Ginzburg-Landau energy for high kappa: The azi-
ally symmetric case, Ann. Inst. H. Poincaré Anal. Non Linéaire, 16 (1999), pp. 747-772,
https://doi.org/10.1016,/S0294-1449(00)88186-X.

[3] M. S. ALNES, J. BLECHTA, J. HAKE, A. JOoHANSSON, B. KEHLET, A. LoGa, C. RICHARDSON, J.
RING, M. E. ROGNES, AND G. N. WELLS, The FEniCS project version 1.5, Arch. Numer.
Software, 3 (2015), https://doi.org/10.11588/ans.2015.100.20553.

[4] R. ALTMANN, P. HENNING, AND D. PETERSEIM, Numerical homogenization beyond scale sepa-
ration, Acta Numer., 30 (2021), pp. 1-86, https://doi.org/10.1017/50962492921000015.

[5] I. BABUSKA, Error-bounds for finite element method, Numer. Math., 16 (1971), pp. 322-333,
https://doi.org/10.1007/BF02165003.

[6] R. E. BANK AND H. YSERENTANT, On the H'-stability of the La-projection onto finite ele-
ment spaces, Numer. Math., 126 (2014), pp. 361-381, https://doi.org/10.1007/s00211-013-
0562-4.

[7] S. BARTELS, A posteriori error analysis for time-dependent Ginzburg-Landau type equations,
Numer. Math., 99 (2005), pp. 557-583, https://doi.org/10.1007/s00211-004-0560-7.

[8] S. BARTELS, Robust a priori error analysis for the approzimation of degree-one Ginzburg-
Landau vortices, ESAIM Math. Model. Numer. Anal., 39 (2005), pp. 863-882, https://
doi.org/10.1051/m2an:2005038.

[9] S. BARTELS, R. MULLER, AND C. ORTNER, Robust a priori and a posteriori error analysis for
the approzimation of Allen—Cahn and Ginzburg—Landau equations past topological changes,
SIAM J. Numer. Anal., 49 (2011), pp. 110-134, https://doi.org/10.1137/090751530.

[10] H. CHEN, X. GONG, AND A. ZHOU, Numerical approzimations of a nonlinear eigenvalue problem
and applications to a density functional model, Math. Methods Appl. Sci., 33 (2010),
pp. 1723-1742, https://doi.org/10.1002/mma.1292.

[11] Z. CHEN, Mized finite element methods for a dynamical Ginzburg—Landau model in supercon-
ductivity, Numer. Math., 76 (1997), pp. 323-353, https://doi.org/10.1007/s002110050266.

[12] Z. CHEN AND S. DAI, Adaptive Galerkin methods with error control for a dynamical Ginzburg-
Landau model in superconductivity, STAM J. Numer. Anal., 38 (2001), pp. 1961-1985,
https://doi.org/10.1137/S0036142998349102.

[13] L. DIENING, J. STORN, AND T. TSCHERPEL, On the Sobolev and LP-stability of the L2-
projection, STAM J. Numer. Anal., 59 (2021), pp. 2571-2607, https://doi.org/10.1137/
20M1358013.

[14] J. DronNioU, A density result in Sobolev spaces, J. Math. Pures Appl. (9), 81 (2002),
pp. 697-714, https://doi.org/10.1016/50021-7824(01)01241-7.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1103/RevModPhys.76.975
https://doi.org/10.1016/S0294-1449(00)88186-X
https://doi.org/10.11588/ans.2015.100.20553
https://doi.org/10.1017/S0962492921000015
https://doi.org/10.1007/BF02165003
https://doi.org/10.1007/s00211-013-0562-4
https://doi.org/10.1007/s00211-013-0562-4
https://doi.org/10.1007/s00211-004-0560-7
https://doi.org/10.1051/m2an:2005038
https://doi.org/10.1051/m2an:2005038
https://doi.org/10.1137/090751530
https://doi.org/10.1002/mma.1292
https://doi.org/10.1007/s002110050266
https://doi.org/10.1137/S0036142998349102
https://doi.org/10.1137/20M1358013
https://doi.org/10.1137/20M1358013
https://doi.org/10.1016/S0021-7824(01)01241-7

Downloaded 05/29/24 to 91.33.165.227 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

1342

(15]

(16]

(17]

(18]

(19]

20]

21]

[22]

23]

[24]

[25]

(26]

[27]
28]
[29]

(30]

(31]

(32]
(33]

(34]

(35]

(36]

(37]

BENJAMIN DORICH AND PATRICK HENNING

. Du, Finite element methods for the time-dependent Ginzburg-Landau model of supercon-

ductivity, Comput. Math. Appl., 27 (1994), pp. 119-133, https://doi.org/10.1016,/0898-
1221(94)90091-4.

Du, Global existence and uniqueness of solutions of the time-dependent Ginzburg-
Landau model for superconductivity, Appl. Anal., 53 (1994), pp. 1-17, https://doi.org/
10.1080,/00036819408840240.

. Du, Discrete gauge invariant approzimations of a time dependent Ginzburg-Landau model of

superconductivity, Math. Comp., 67 (1998), pp. 965-986, https://doi.org/10.1090/S0025-
5718-98-00954-5.

Q. Du AND P. GRrAY, High-kappa limits of the time-dependent Ginzburg—Landau model, STAM

J. Appl. Math., 56 (1996), pp. 1060-1093, https://doi.org/10.1137/S0036139995280506.

Q. Du, M. D. GUNZBURGER, AND J. S. PETERSON, Analysis and approzimation of the Ginzburg—

M.

B.

A.

Landau model of superconductivity, STAM Rev., 34 (1992), pp. 54-81, https://doi.org/
10.1137,/1034003.

Du, M. D. GUNZBURGER, AND J. S. PETERSON, Modeling and analysis of a periodic
Ginzburg-Landau model for type-11 superconductors, SIAM J. Appl. Math., 53 (1993),
pp. 689-717, https://doi.org/10.1137/0153035.

Du anND L. Ju, Approzimations of a Ginzburg-Landau model for superconducting hol-
low spheres based on spherical centroidal Voronoi tessellations, Math. Comp., 74 (2005),
pp. 1257-1280, https://doi.org/10.1090/S0025-5718-04-01719-3.

. Du, R. A. NICOLAIDES, AND X. WU, Analysis and convergence of a covolume approzimation

of the Ginzburg—Landau model of superconductivity, SIAM J. Numer. Anal., 35 (1998),
pp. 1049-1072, https://doi.org/10.1137/S0036142996302852.

DUAN AND Q. ZHANG, Residual-based a posteriori error estimates for the time-
dependent Ginzburg-Landau equations of superconductivity, J. Sci. Comput., 93 (2022),
79, https://doi.org/10.1007/s10915-022-02041-0.

. ENGWER, P. HENNING, A. MALQVIST, AND D. PETERSEIM, Efficient implementation of the

localized orthogonal decomposition method, Comput. Methods Appl. Mech. Engrg., 350
(2019), pp. 123-153, https://doi.org/10.1016/j.cma.2019.02.040.

. GAao, L. Ju, AND W. XIE, A stabilized semi-implicit Euler gauge-invariant method for the

time-dependent Ginzburg-Landau equations, J. Sci. Comput., 80 (2019), pp. 1083-1115,
https://doi.org/10.1007/310915-019-00968-5.

. GAo AND W. SuN, Analysis of linearized Galerkin-mized FEMs for the time-dependent

Ginzburg-Landau equations of superconductivity, Adv. Comput. Math., 44 (2018),
pp- 923-949, https://doi.org/10.1007/s10444-017-9568-2.

. N. Garica AND G. C. Hsia0, A Garding’s inequality for variational problems with con-

straints, Appl. Anal., 54 (1994), pp. 73-90, https://doi.org/10.1080/00036819408840269.

. GRISVARD, Elliptic Problems in Nonsmooth Domains, Monographs Studies Math. 24,

Pitman, Boston, MA, 1985.
HAuck AND D. PETERSEIM, Super-localization of elliptic multiscale problems, Math. Comp.,
92 (2023), pp. 981-1003, https://doi.org/10.1090/mcom/3798.

. HENNING AND A. MALQVIST, Localized orthogonal decomposition techniques for boundary

value problems, SIAM J. Sci. Comput., 36 (2014), pp. A1609-A1634, https://doi.org/
10.1137/130933198.

. HENNING AND A. PERSSON, On optimal convergence rates for discrete minimizers of the

Gross-Pitaevskii energy in localized orthogonal decomposition spaces, Multiscale Model.
Simul., 21 (2023), pp. 993-1011, https://doi.org/10.1137/22M1516300.

. HENNING AND D. PETERSEIM, Oversampling for the multiscale finite element method, Mul-

tiscale Model. Simul., 11 (2013), pp. 1149-1175, https://doi.org/10.1137,/120900332.

. HENNING AND J. WARNEGARD, Superconvergence of time invariants for the Gross-Pitaevskii

equation, Math. Comp., 91 (2022), pp. 509-555, https://doi.org/10.1090/mcom/3693.

. L1, Convergence of a decoupled mixed FEM for the dynamic Ginzburg-Landau equations

in nonsmooth domains with incompatible initial data, Calcolo, 54 (2017), pp. 1441-1480,
https://doi.org/10.1007/s10092-017-0237-0.

. L1 AND Z. ZHANG, A new approach for numerical simulation of the time-dependent

Ginzburg-Landau equations, J. Comput. Phys., 303 (2015), pp. 238-250, https://doi.org/
10.1016/j.jcp.2015.09.049.

L1 AND Z. ZHANG, Mathematical and numerical analysis of the time-dependent Ginzburg-
Landau equations in nonconvex polygons based on Hodge decomposition, Math. Comp., 86
(2017), pp. 1579-1608, https://doi.org/10.1090/mcom/3177.

LUNARDI, Interpolation Theory, Appunti. Sc. Norm. Super. Pisa (N. S.) 16, Edizioni della
Normale, Pisa, 2018, https://doi.org/10.1007/978-88-7642-638-4.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1016/0898-1221(94)90091-4
https://doi.org/10.1016/0898-1221(94)90091-4
https://doi.org/10.1080/00036819408840240
https://doi.org/10.1080/00036819408840240
https://doi.org/10.1090/S0025-5718-98-00954-5
https://doi.org/10.1090/S0025-5718-98-00954-5
https://doi.org/10.1137/S0036139995280506
https://doi.org/10.1137/1034003
https://doi.org/10.1137/1034003
https://doi.org/10.1137/0153035
https://doi.org/10.1090/S0025-5718-04-01719-3
https://doi.org/10.1137/S0036142996302852
https://doi.org/10.1007/s10915-022-02041-0
https://doi.org/10.1016/j.cma.2019.02.040
https://doi.org/10.1007/s10915-019-00968-5
https://doi.org/10.1007/s10444-017-9568-2
https://doi.org/10.1080/00036819408840269
https://doi.org/10.1090/mcom/3798
https://doi.org/10.1137/130933198
https://doi.org/10.1137/130933198
https://doi.org/10.1137/22M1516300
https://doi.org/10.1137/120900332
https://doi.org/10.1090/mcom/3693
https://doi.org/10.1007/s10092-017-0237-0
https://doi.org/10.1016/j.jcp.2015.09.049
https://doi.org/10.1016/j.jcp.2015.09.049
https://doi.org/10.1090/mcom/3177
https://doi.org/10.1007/978-88-7642-638-4

Downloaded 05/29/24 to 91.33.165.227 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

(38]

(39]
[40]
41]
42]
[43]
[44]

[45]

(46]

[47]

(48]
[49]

[50]

[51]

DISCRETE MINIMIZERS OF THE GINZBURG-LANDAU ENERGY 1343

R. MAIER, A high-order approach to elliptic multiscale problems with general unstructured
coefficients, SIAM J. Numer. Anal., 59 (2021), pp. 1067-1089, https://doi.org/10.1137/
20M1364321.

A. MALQVIST AND D. PETERSEIM, Localization of elliptic multiscale problems, Math. Comp.,
83 (2014), pp. 2583-2603, https://doi.org/10.1090/S0025-5718-2014-02868-8.

A. MALQVIST AND D. PETERSEIM, Numerical Homogenization by Localized Orthogonal Decom-

position, SIAM Spotlights 5, SIAM, Philadelphia, 2021.

. M. MELENK, On Generalized Finite-Element Methods, Ph.D. thesis, University of Maryland,
College Park, 1995, https://www.asc.tuwien.ac.at/~melenk /publications/diss.ps.gz.

F. PACARD AND T. RIVIERE, Linear and Nonlinear Aspects of Vortices: The Ginzburg-Landau
Model, Progr. Nonlinear Differential Equations Appl. 39, Birkh&user Boston, Boston, MA,
2000, https://doi.org/10.1007/978-1-4612-1386-4.

. RIVIERE, Ginzburg-Landau vortices: The static model, Astérisque, 276 (2002), pp. 73-103.

. SANDIER AND S. SERFATY, Vortices in the Magnetic Ginzburg-Landau Model, Progr. Non-
linear Differential Equations Appl. 70, Birkh&user Boston, Boston, MA, 2007.

E. SANDIER AND S. SERFATY, From the Ginzburg-Landau model to wortex lattice prob-
lems, Comm. Math. Phys., 313 (2012), pp. 635-743, https://doi.org/10.1007/s00220-012-
1508-x.

. SERFATY, Stable configurations in superconductivity: Uniqueness, multiplicity, and vortex-
nucleation, Arch. Ration. Mech. Anal., 149 (1999), pp. 329-365, https://doi.org/10.1007/
s002050050177.

S. SERFATY AND E. SANDIER, Vortexr patterns in Ginzburg-Landau minimizers, in Proceedings

of the 16th International Congress on Mathematical Physics, World Scientific, Hackensack,
NJ, 2010, pp. 246—264, https://doi.org/10.1142/9789814304634-0014.

M. STRUWE, Variational Methods, 4th ed., Ergeb. Math. Grenzgeb. (3) 34, Springer-Verlag,
Berlin, 2008.

J. WEI AND Y. WU, Local uniqueness of the magnetic Ginzburg-Landau equation, J. Elliptic
Parabol. Equ., 6 (2020), pp. 187-209, https://doi.org/10.1007/s41808-020-00066-w.

Z. WU AND Z. ZHANG, Convergence analysis of the localized orthogonal decomposition method
for the semiclassical Schrodinger equations with multiscale potentials, J. Sci. Comput., 93
(2022), 73, https://doi.org/10.1007/s10915-022-02038-9.

K. YosipA, Functional Analysis, Classics in Math. 123, 6th ed., Springer-Verlag, Berlin, 1980.

(-

=4

wn

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/20M1364321
https://doi.org/10.1137/20M1364321
https://doi.org/10.1090/S0025-5718-2014-02868-8
https://www.asc.tuwien.ac.at/~melenk/publications/diss.ps.gz
https://doi.org/10.1007/978-1-4612-1386-4
https://doi.org/10.1007/s00220-012-1508-x
https://doi.org/10.1007/s00220-012-1508-x
https://doi.org/10.1007/s002050050177
https://doi.org/10.1007/s002050050177
https://doi.org/10.1142/9789814304634_0014
https://doi.org/10.1007/s41808-020-00066-w
https://doi.org/10.1007/s10915-022-02038-9

	Introduction
	Notation

	Analytical framework
	Space discretization and main results
	Numerical experiments
	Implementation
	Numerical results

	Proof of the main result
	Abstract convergence result
	Discrete inf-sup stability
	Convergence with rates
	Application to Lagrange finite elements

	Relaxed <0:inline-formula ><0:tex-math 0:notation="LaTeX" 0:version="MathJax" ><?LDGXML	?></0:tex-math></0:inline-formula>-dependencies in LOD spaces
	Acknowledgments
	References
	Appendix A. Matrix representation of

