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1 Basic Concepts and Notation

We will use standard notation:
e A “silently underlying” probability space (2, .A(£2), P), where A(f2) is a o-algebra and P
is a probability measure.

e A measurable function X : Q — @ is called a random variable (RV) and @ is the topological

measurable data space.

e We make heavy use of the following notation: Let T'(X) be an equality, inequality or set
inclusion involving X, then P(T(X)) := P{w € Q: T(X(w))}). In these statements, it is
always silently required that the set {z € @ : T'(z)} is measurable.

e Expected values for any function f : () — V for any vector space V are defined as

E[f(X)] ::/foX(w)dP(w) ev.
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Q) is always assumed “sufficiently large”, but what does that mean?

e Assume a RV X : Q — R, then Q = [0, 1] suffices.

e Assume a RV X : Q — R? then Q = [0, 1] suffices.

e Assume two RVs X;, X5 : Q — R, then Q = [0, 1] suffices.

e Assume a sequence of RVs X, Xy, -+ : Q — R, then Q = [0, 1] suffices.
Arguments w € () are usually not written out. One usually writes some RVs as capital letters
(but not all, e.g. fi,), which are otherwise reserved for matrices, which one continues to write as

capital letters. Please ask, whenever notation is unclear.

In all asymptotic theory, there are three principal objects:
1. A sequence of RVs Xi, X5, -+ : 2 — () on some measurable data space (). For now, we
consider so-called univariate RVs X : Q@ — Q = R.

2. A descriptor (often called parameter) p which maps a RV X to an element of a measurable

parameter space P.

3. An estimator, which is a sequence py, pa, ... of functions p,, : Q™ — P. We always write

the RV p,, := pn(X1, ..., X,) for any n € N.

Definition 1.1. Let Q) be a topological space called the data space and P a separable complete
metric space with continuous metric function d : P x P — Rs( and topology derived from the

metric called the parameter space. Let p: P x QQ — R be a function which is continuous in P

and measurable in QQ, X a Q-valued random variable and X1, ..., X, X a random sample.
Define
1 n
F(p) == E[p(p, X)] FMM?ZEE:MEXQ
j=1
E = {p € P:F(p) = inf F(ﬁ)} E, = {p € P: F,(p) = inf Fn(@} ,
peEP peP

where F' and F,, are called the population and sample loss functions and E and F,, are the sets
of population and sample descriptors. The elements of E,, are commonly called m-estimators.

We call (Q, P, p) the m-estimation model.

Many descriptors of interest can be expressed as m-estimators:

Examples 1.2.

o If P=Q and p(u, )

:=d(u, x)?, the descriptor u is the Fréchet mean.
o If P=Q and p(p,x) = d(p,

(

)P, the descriptor p is called the LP-mean.



o If p(0,x) is the negative logarithm of a probability density function from a parametric family

with parameter set P = ©, the descriptor 0 is the mazimum likelihood parameter.

e If(Q) is a Riemannian manifold, P is the set of geodesics on Q) and p(7y,x) := Iinf( )d(y, r)?,
yElmg(y

the descriptor p is called the principal geodesic.

Assumption 1. The sequence of RVs X1, Xso, -+ : Q@ — @ are identically distributed to a

random variable X : Q@ — Q. This means that for every set A € A(Q), one has for all j

Assumption 2. The sequence of RVs X1, X5, : Q0 — @ are independent. This means that
for any sequence of sets Ay, Ag,- - € A(Q), and any subset {nq,...,nx} C N for any k € N

one has
P (ﬂ anl(Aj)> = HP(XEjl(Aj»

2 Generalized Central Limit Theorem

Assumption 3 (Weak consistency). The set of sample descriptors E,, is weakly consistent, that

means

Ve>0 Vo>0 dIn>0 Vk:zn:IP’(maxmind(ﬂk,,u)>5)<5

bir€E, nek

Assumption 4 (Almost Surely Locally Lipschitz II). There is a measurable function p :
ExQ —Rand a K < oo such thatViu € E : E[p(u, X)?] < K and a § > 0 such that for all
p1, P2 € Bs(p) the following Lipschitz condition holds

lp(p1, X) = p(p2, X)| < plp, X)d(p1,p2)  as.

This assumption corresponds to the assumption that the second moment of X exists in the
case of the Euclidean mean P = Q = R™ and p(p, z) := |p — z|?.
While consistency can be shown under only weak assumptions on the population descriptor

set, we assume a unique population descriptor for the CLT.
Assumption 5. The population descriptor is unique E = {u}.
In all of the following let F denote some class of functions from the data space ) to R.

Definition 2.1. For a class of functions F from @ to R, an envelope function Cr : Q) — R is

any function, such that for any f € F and q € Q, |f(q)| < Cx(q).
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Here, we consider the function class F := {p(x, )= pp, ),z € B(;(,u)}, which has the
envelope functions Cr := 26p due to the local Lipschitz condition in Assumption 4.

The most important notion for the following is the bracketing entropy of a function class.

Definition 2.2. For a class of functions F from Q to R, a norm || || on F and € > 0, consider

two functions fi, fo € F such that || f1 — fo|| < € and call

i fol@, B ={f € F : Yoa e Q fi(g) < flq) < fa(a)}

an € bracket. Then the bracketing number Nyj(e, F, | ||) is defined as the minimal number of e
brackets needed such that their union is F. If F has an envelope function C'x, the bracketing

entropy is defined as

n
Ty F ) = [ 1+ 10g Ny(ellColl ] ) de
0

The bracketing entropy for a function class is difficult to determine. However, there is a
similar concept for general metric spaces, namely the covering entropy, which is usually much

simpler to determine.

Definition 2.3. For a totally bounded metric space (P,d) and a size £ the covering number

N (e, P,d) is defined as the minimal number of € balls needed to cover P.

Definition 2.4. The covering entropy is defined as

n

J(n, P,d) ::/\/1—i—logN(€, P,d) de
0

For the next theorem we introduce the empirical process and two relevant norms.
Definition 2.5. Let Q be the data space and Px = P o X~ the distribution measure in
corresponding to the random variable X .

a) For an i.i.d. sample Xy,..., X, from Px let P, := % > 0x, be the empirical measure.
=1

b) For any measurable function f : Q — R let G,(f) := \/ﬁ(Pnf — PXf) be the empirical

process.

¢) For any measurable function f:Q — R let || f|py, = ([ ]f|rd73x)% be the L.(Px) norm.

For any class F of measurable functions let |G, := sup |G, (f)].
feF

d) For any R-valued RV Z The outer expectation is defined as

E*[Z] :=inf {E[Y]:Y > Z,Y : Q — R measurable and E[Y] exists}



Theorem 2.6 (van der Vaart and Wellner (1996), Theorem 2.14.2).
Under Assumptions 1 and 2 for any class F of measurable functions with measurable envelope

function Cx,
E*[IGnll7] S Jn (L F, La(Px))ICFllpg .2

The local Lipschitz condition in Assumption 4 connects the bracketing number of a function
class indexed by a totally bounded metric space to the covering number of this metric space.
Consider the function class F := {p(x, J—=pp, ), x € Bg(u)}, which has the envelope functions

26p, then the connection is as follows.

Theorem 2.7 (van der Vaart and Wellner (1996), Theorem 2.7.11).

Under Assumptions 1, 2, 3, and 4, we have for any norm ||| on F
Ny (2ellpll, . 1) < N(e, Bs(p), d) -

Now, we can introduce a bound on the covering entropy to get a bound on the empirical

process.

Assumption 6 (Entropy bound). For the class F the following entropy bound holds

1

(lsin(1)5/ V/1+log N(g8, Bs(),d) de = 0.
0

This entropy bound is fairly general as discussed in Dubey and Miiller (2019). The following

Lemma shows how it translates to a bound on the empirical process.

Lemma 2.8. Under Assumptions 1, 2, 3, 4, and 5 the following bound holds for the empirical

process

E* [n'? sup |F,(z)— F(z) — Fo(p) + F(p)|| =E*

2€B;(u) x€Bs (1)

sup |Gu(p(z,-)) = Gn(p(p, -))II]

1
— E* [|Goll5] < 26]pllpc / VI ¥ 108 N (20, Ba(pe), ) de .
0

W2 sup |Fu(e) = F(x) — Fa(u) + F(u)]

Under Assumption 6 this implies lim [E*
=0 z€Bs (1)

= Op(l).




Proof.

E*[||Gullz] 201" lpx 21y (1, F', La(Px))

1
—28lpya [ |1+ 108 N (22017]. 7, LalPx)) d
0

1

<260 1 py.2 / V/1+log N(e6, Bs(1it), d;) de .
0

The limit follows from Assumption 6. O

Based on these preliminary results, we can state a limited CLT for m-estimators on general

metric spaces.

Lemma 2.9 (van der Vaart (2000) Lemma 5.52). Under Assumptions 1, 2, 3, 4, and 5 and

assuming that for fixed constants C' and o > [ for every n and for every sufficiently small § > 0

sup |F(x) — F(p)| > Co*, (1)
z€Bs(u)\Bs /2 (1)
E |0 sup |Fy(x) = F(z) = Fu(u) + F(u)] | <08, @
z€Bs ()

then any a random sequence P 3 y, 2 pu that satisfies Fo(yn) < F.(p) + 0op(1) also satisfies the
asymptotic rate n*/ =28 d(y, 1) = Op(1).

In consequence of this lemma, one can get an asymptotic convergence result of the sample
descriptor to the population descriptor. However, while a convergence rate can be shown, the
limiting distribution cannot be easily determined, since a normal distribution can only be defined
on a linear space and a generic metric space cannot be canonically mapped to a linear space.
To achieve a fully fledged central limit theorem, we therefore restrict attention to the case that

P is a Riemannian manifold.

Notation 2.10. In the case that P is a p-dimensional Riemannian manifold and Assumption 5

holds, we denote for any x € T, P, q € Q)

7 (z,q) = plexp,(z),q),
Gz Fexp,(r)), G iz Fy(exp,(7)).

Assumption 4a (Almost Surely Locally Lipschitz IT on manifolds). Let Assumption 5 hold
and use Notation 2.10.



(i) The function T is differentiable at x = 0 for Px-almost every q € Q and its derivative

vector is denoted as 7y(q).

(ii) There is a measurable function 7 : Q — R satisfying E[7(X)?] < oo and a & > 0 such that
for all z1, x5 € Bs(0) C T, P the following Lipschitz condition holds

|7(21, X) — 7(20, X)| < 7(X)||21 — 22| a.s.
First, we note that we can forego Assumption 6 due to the following.

Lemma 2.11. Under Assumptions 1, 2, 4a, and 5 and using notation 2.10 we have for small

enough 6 > 0, with a dimension dependent constant K,

1 1
/\/1+10gN(55,B(5(0),|| ||)d6§/\/1+long—plog(5)d5
0 0

for any norm || || on F := {T(y, ) —=7(0,-),y € B5(0)}

Lemma 2.12. Under Assumptions 1, 2, 4a, and 5 and using notation 2.10 we have, with a

dimension dependent constant K,

Yl
. F) < [ /14108 K, - plog ) dz
0

for any norm ||| on F := {T(y, ) =7(0,-),y € 35(0)}

Proof. Note that 2§||7|| is an envelope function of F, || || is a norm and 7 takes the role of the
Lipschitz “constant” in Theorem 2.7. This yields

Ui

n
Ty F ) = [ 1+ to M@=l 1) de < [ /T Tog NED, Bi(o). [T e
0

0

Next, we see that

N(x, Bs(0), | I) = K, (g)p =f (é)p

R

with K, being a dimension dependent constant and thus

n
K F) < [ 1+ log K, ~ plog (2)de.
0

Now, we can prove a bound on the empirical process.
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Theorem 2.13. Under Assumptions 1, 2, 4a, and 5 and using notation 2.10 there is a constant

C' such that

E | sup |G, (7(y,X) — 7(0, X))|| <C§

llyll<do

Proof. The claim follows by combining Theorem 2.6 with the envelope function 24||7| and

Lemma 2.11 since

1
L Fi L)) < [ /1 +10g K, = plog ) de
0

is independent of ¢ and therefore only contributes a constant. O]
This theorem implies that the second inequality (2) in Lemma 2.9 holds with g = 1.

Assumption 7 (Smooth Fréchet Function). Using notation 2.10, a rotation matriz R € SO(p)

and Ty, ..., T, € R”Y, assume that the Fréchet function admits the power series expansion
p
G(w) = G(0) + ) Ty|(Ra);|" + of|[|") - (3)
j=1

Note that for r = 2 Equation (3) encompasses every possible covariance whereas for r > 2

this represents a restriction to easily tractable tensors.
Notation 2.14. We denote v, := log,,(1in).

As a first step, the following generalization of van der Vaart (2000, Corollary 5.53, only
treating the case r = 2) gives a bound for the scaling rate in the general CLT, so that also in

case of r > 2, \/n,, = 0,(1).
Corollary 2.15. Under Assumptions 1, 2, 3, 4a, 5, and 7
nt/Cr=2p, — Op(1).

Proof. By Assumptions 3 and 5, 7, 20 with Gn(Vn) < G,(0). Hence, Lemma 2.9 yields the
assertion, because for a = r, (1) follows at once from (3), and under Assumption 4a, (2), for

f =1 follows word by word from the proof of van der Vaart (2000, Corollary 5.53). O

As the second step, the following Theorem, which is a generalization and adaption of van der
Vaart (2000, Theorem 5.23), shows that under Assumption 7 the above bound gives the exact

scaling rate, including the explicit limiting distribution.



Theorem 2.16 (General CLT for Generalized Fréchet Means, see Eltzner and Huckemann
(2019) Theorem 2.11). Under Assumptions 1, 2, 3, 4a, 5, and 7 and using Notation 2.10 we

have
. o e N o\ renT D 1, _
n'/? ((RVn)1|(Rl/n>1| 2 (R, (RD,),| 2) —N (0, ﬁT YCov[V,7(z, X)|so]T 1)
with T = diag(1y, ..., Ty). In particular for every coordinate j = 1,...,m,
n72(R0,); 3 H;

where (Hi, ..., Hmn) i a random vector such that (Hi|H1|""2, ..., Hm|Hwm|""2) has the above

multivariate Gaussian limiting distribution.

Sketch of Proof. We can follow the arguments in the proof of van der Vaart (2000, Lemma 5.23)

~ 1. . .
to show that Rv,n?—2 is a minimizer of the function

frwe fw) =) Tjl(w)|" +w"RT,,
j=1

where I, := n!/2 <% > To(X;) —E [%O(X)]) This function has a unique minimizer

ysign((wn) I = ~(RL); e (w2 = =02
yielding
Vi En, = =~ o).

J

Now the classical CLT for 75(X;) gives the first assertion. The second assertion follows with a

simple calculation. O
Proof. For z € U and s = 1/(2r — 2), let us abbreviate

Tz, X) = n*(7(2n %, X) — 7(0, X)) — 27 7(X)

T, :=n'? (% ZT’o(Xj) -k [fo(X)]> )

where we set 7(zn"*, X) = 7(0,X) if zn™* ¢ U. Then, due to Assumptions 4a (i) and 7, and
1/24+s—sr =0,
1 n
n'/? <_ Z (7(2, X;)) — E 7z, X)])

n <
Jj=1

—pl/2+s <Gn(zn_s) — Go(0) — G(zn™%) + G(O)) _.Tr,

:n1/2+s (Gn(zn_s) _ Gn(O)) _ ZE‘(RZ)JV _ ZTFn + O(”z“r)



is a sequence of stochastic processes, indexed in z € U, with zero expectation and variance
converging to zero. By argument from the proof of van der Vaart (2000, Lemma 19.31), due to
Assumption 4a, z can be replaced with any random sequence z, = O,(1), cf. also the proof of

van der Vaart (2000, Lemma 5.23) for r = 2, yielding,

nV2 (G (5n ™) = Ga(0)) = 0TI (Ren)s "+ 2T + 0p(1). (4)
j=1
By Corollary 2.15, z, = 7,n® is a valid choice in equation (4). Comparison with any other

zn = Op(1), using that 7, is a minimizer for G,,, reveals,
nl/2ts (Gn@) - Gn(0)> < n1/2+s(Gn(znn_s) - Gn(0)> .

This asserts that R7,,n® is a minimizer, of the right hand side of (4), i.e. of

m

frw— f(w):= ZTJKM)JV +w? RT,, .
j=1
This function, however, has a unique minimizer, given on the component level (j =1,...,m) by
: r— : r— (an) ]
rTysign((wn);)|(wa);|"™ = =(RTw); e (wa)il(wn);|™ = =2—=
j
yielding
-~ -~ r—2 (RF’N«)J
Vi(RD) | (Rvp);|" = ==+ op(1).
j

Now the classical CLT gives the first assertion. The second also follows from the above display,
since for z = (Rv,); and H = —(RT,);/(rT;), the equation /nsign(z)|z|"~' = H implies
sign(z) = sign(H) and hence

Ny = nwes sign(z)|z| = sign(H)\H\r%l :

]

If one assumes 7 = 2 in Assumption 7, one gets a generalized version of the classical CLT.
However, the theorem presented here goes beyond the classical CLT and encompasses also
certain cases of slower rates of convergence. This leads to the concept of smeariness, which we
will discuss in a later lecture.

Until now, the CLT on manifolds is formulated only in the exponential chart at the population
descriptor. While this is typically the most useful chart, it is desirable to formulate a result

which is independent of the specific chart.
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Theorem 2.17 (see Eltzner and Huckemann (2019) Lemma 3.2). Let (X,)en be a sequence
random variables in R™ and X, 20. Consider a local diffeomorphism ® : U — V preserving the

origin 0 € U,V open C R™, define the random variables Y, = ®(X,,) and let s € (0,1/2]. Then
TLSXn = Op(l) <~ nSYn = Op(l) .

In particular, if the random variable X satisfies n° X, 2>X, then n°Y, Dy .= D®(0)X. Here
D®(z) denotes the differential of ® at x € U and det (D®(0)) # 0 due to invertibility of P.

Proof. In all of the following, B C R™ denotes any Borel set. The implication “=" is a direct
consequence of a Taylor expansion and the continuity theorem with a suitable point X, 20

between the origin and X, as follows
P({n*Y, € B} N {X, e U}) =P ({nSDcp(f(n)Xn c B} N{x, e U})
— P(D®(0)X € B)

because P(X,, € U) — 1 due to X, 2o Similarly, the implication “<” follows.

Denote by Y the random variable satisfying n°Y,, Z Y. Then

P(n*X, € B) =P ({nSDcp(f(n)*lYn e B} N{X, ¢ U})
+P({n°X, € B}n{X, €U}
—P(D®(0)"'Y € B)
again due to the hypothesis X, £o. O

To achieve a CLT in any chart, one applies Theorem 2.17 to the sequence of random variables
(Xn)nen := (Vn)nen. The asymptotic distribution remains a normal distribution, albeit with a

transformed covariance matrix.

3 Positively Curved Spaces and Smeariness

3.1 Smeariness

On spaces of positive curvature, asymptotics of the Fréchet mean can be compromised in a

different way.

Definition 3.1 (Smeariness of Random Variables). Assume that there is ( > 0 such that for
every x € B¢(0)\ {0} C T,P one has G(z) > G(0). Suppose that for fized constants Cx > 0
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and 2 < k € R and a linear subspace V C T, P we have for every sufficiently small 6 > 0

sup |G(z) — G(0)| > Cxd"™.

z€V,6/2<]|z||<é

Then we say that the descriptor p is (directionally) smeary on the linear subspace ¥V and that the

model (Q, P, p) admits (directional) smeariness. If V =T, P, we simply say that the descriptor

W 18 smeary.

Remark 3.2. If Assumption 7 holds with r > 2, the generalized CLT, Theorem 2.16, leads to

an asymptotic rate nﬁ/y\n = Op(1) of the sample descriptor. In this case, we say the descriptor

is smeary with rate 52— .

In spaces of non-positive curvature, the Féchet mean is never smeary, as shown by Afsari
(2009). However, examples of random variables with smeary Fréchet means were found on the

circle S', the torus S* x --- x S, Spheres S™ and real projective spaces RP™.

3.2 Origins of Smeariness

Definition 3.3. Consider a point in a Riemannian manifold p € Q. The cut locus Cut(p) of p
1s the closure of the set of all points q € () such that there is more than one shortest geodesic

from p to q.

In all the following, consider the Fréchet mean, which means P = () and p = dé being the

squared geodesic distance on Q).

Notation 3.4. Let P = P \ Cut(p) and dp the geodesic distance on P. Then we write

~ 2 ~ ~
T (z,q) = ds(exp,(v),q), G:x— E[f(x, X)].
Here, d%(q,p) > d%(q,p) is given by the infimum over the length of all curves in P connecting q
and p.

Definition 3.5 (Cut Locus Smeariness and Geometrical Smeariness Eltzner (2022)). Assume
that Q) admits smeariness and X is a random variable with smeary Fréchet mean p € Q) on the
linear subspace V C T,,QQ. This means that Definition 3.1 is satisfied. The restriction of the

Hessian matriz to V is denoted by Hess y.

(i) If for every linear subspace neighborhood U C V of 0, there is an v € U such that
G(z) # G(x) and Hess (G — G)(0) < 0, then the mean of X is called cut locus smeary on

the linear subspace V and we say that Q) admits cut locus smeariness.
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(i) If there is a linear subspace neighborhood U C V of 0, such that for every x € U one has
G(z) = G(z) or if Hess (G — G)(0) > 0, the mean of X is called geometrically smeary on

the linear subspace V and we say that QQ admits geometrical smeariness.

To motivate the term cut locus smeariness, first note that smeariness always implies that
Hess,F(0) = 0. On Euclidean space, the Hessian matrix of the Fréchet function is always
positive definite. In reference to this, smeariness depends on a negative contribution to the
Hessian that leads to a vanishing Hessian overall. The terms cut locus smeariness and geometrical
smeariness point to the origin of this negative contribution to the Hessian. Note that one can
write

0 = Hess yG(0) = Hess ,G(0) + Hess v(G — é)(O)J

-~ -~

>0 <0

to illustrate that cut locus smeariness crucially hinges on G # G. Since the only difference
between these two functions is that in G the geodesics crossing Cut(u) are excluded, the negative
term Hess (G — G)(0) can be understood as the contribution of the cut locus.

Cut locus smeariness requires a cut locus of codimension 1 with respect to the smeary
subspace. See Hotz et al. (2024) for a comprehensive treatment.

However, smeariness can also occur in more general settings. Eltzner and Huckemann (2019)
present and example of smeariness on S™ for m > 2. Moreover, Eltzner (2022) shows that no
density is required at the cut locus for geometric smeariness of the mean, but the support of the
measure must extend to more than a half sphere on S™ with m > 2.

For cut locus smeariness, we consider the example of the Fréchet mean on the circle first

treated by Hotz and Huckemann (2015).

Theorem 3.6. Let X be a random variable on the circle parametrized by (—m, 7] with continuous

density function fx and with Fréchet mean pu = 0. Then the following holds:
(i) fx(m) < 5.
(it) If fx(m) < 5= then Assumption 7 holds with r = 2 and thus a standard CLT holds.

(111) If there are constants s > 0, d > 0, and C > 0, such that for every 0 < y < d it holds

fx(m—y)=fx(—m+y) = % — Cy®, then 7 holds with r = s + 2 and thus a the mean is

1
2s+2°

smeary with rate

Proof. Consider without loss of generality an x € [0,7]. Then, we can write the Fréchet loss
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function as

™

Fa) = FO) = [ =iy + /_””(x—zw—y)?fX(y)dy— [ ity

—m+x -7 -
T —m+x
- / (—22y + ) fx (y)dy + / (=4 — 2y + dmy + 472 + 2%) fx (y)dy
—T+x -
T —T4x
- / yfx(y)dy + dr / (y—z+ ) fx(y)dy

0
:x2—|—47r/ 2fx(z+x—m)dz

—x

Using this formula, we can now tackle the various cases.

(i) Assume that fx(m) > 5=, then there is some € > 0 such that for all z € (—m, —7 — €] one
has fx(z) > 5. This leads to

0

F(z)— F(0) < 2% + 47?/

—T

—dz=0
ZZW z

for x € (0, ¢], which is in contradiction to the assumption that the Fréchet mean is u = 0.

(i) If fx(m) < 5=, then there is some ¢ > 0 such that for all 2 € (—m, —7m — ¢] one has
fx(x) < £ < 5. This leads to

0
F(x) — F(0) > 2% + 47r/ zzﬁdz = (1 - p)z?
m

—x

for z € (0,¢]. In fact, for z — 0, we get p — 27 fx(7) < 1. Thus one gets a standard CLT.
(iii) Plugging in fx(—m +y) = 5= + Cy* we get

F(z) — F(0) = 2* + 47 /0 z (% ~C(z+ x)s) dz = —Cdrm /Oz(z —x)2°dz

—x

Y (L P
s+2 s+1 (s+2)(s+1)

which leads to a smeary Fréchet mean and proves the claim.

O

For geometrical smeariness, consider the example on S™ for m > 2 treated by Eltzner and
Huckemann (2019).

Consider a random variable X distributed on the m-dimensional unit sphere S (m > 2)
that is uniformly distributed on the lower half sphere L' = {q € S™ : ¢» < 0} with total mass
0 < @ < 1 and assuming the north pole = (0,1,0,...,0)" with probability 1 — a.

With the volume of S™ given by

m

o2m 2

F( +1)

H
-

14



define

_ Umt1 :ﬁr(mTH)
20, 2 T(22)

m

Lemma 3.7. With the above notation, the Freéchet function G has derivatives of any order for
v € log,(U) with ||z|| < 7/2. For o= 1/(1 + v,,) the north pole ji gives the unique intrinsic

Fréchet mean with Hess |,—oG(z) = 0. Moreover, for any choice of 0 < o < 1,

818k8lG(:p)|x:0 =0
8i8k8133G(x)|z:0 - Cméi,k,l,s

for every 1 <, k, 1, s < m with the constant c¢,, = fj;" Z—jr; > 0.

Proof. For convenience we choose polar coordinates 6y, ...,6,, 1 € [-7/2,7/2] and ¢ € [—7,7)

in the non-standard way

¢ - (H;T;l cos 9j> cos ¢
G2 - <H;”:_11 cos Hj) sin ¢
q= = . )
Gm—1 — cos 0y cos By sin O
Gm — cos 6 sin 6
Am+1 sin 6,

such that the north pole p has coordinates (0,...,0,—7/2). In fact, we have chosen these
coordinates so that w.l.o.g. we may assume that the arbitrary but fixed point p € S™ has
coordinates (0,0,...,0, —7/2 + 0) with suitable § € [0, 7]. Setting © = [—7/2, 7/2], with the

function

m—1
g:0™ =5 100,1], 0= (61,...,0m1) = [ ] cos" 70,
j=1
we have the spherical volume element ¢(6) df d¢. Additionally defining
m—1
h(0) = H cos0;
j=1

we have that
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with the two “crescent” integrals

0

cuo)= [ doglo) [dosinar= [ dsglo j (‘xccos (h(6) sing)))” do

em—1 —0 em—1

™

o= [ do50) [ doinar= [ d09(6) [ (mrccos (~n(o) sine))) o

em—1 ) em-1 0
cf. Figure 1, because the spherical measure of L™ is v,,/2.

Since for a € [0, 1],

2

(arccos(a))® — (arccos(—a))2 = (arccos(a) + arccos(—a)) (arccos(a) — arccos(—a))

=27 (g - arccos(a)) = —2r arcsin(a) ,

which has arbitrary derivatives if —1 < a < 1, we have that
5
Fo exp,(z) = G(6) = G(0) — — df g(0 /arcsm 0) sin¢) do + 6*(1 — «)
0

for every x € exp;l(fj ) with ||z|| = ¢, yielding the first assertion of the Lemma.

For the second assertion we use the Taylor expansion

arcsin (h(0) sin @) = ¢ h(0) + ¢6 (R(6)*) — h(0)) + O(¢°)

and compute for k =0,1, ...,

m—1
/ q(0 = H (cos™ 1% 6; db;)
@m71 em— 1 le
k
- k=i g do, ) // 10, db;)
/@m+k ] (cos : 1:[ cos
_ Um+k
Uk:+1 ’

to obtain, in conjunction with (5),

- 2 _ Um+1 5_404Um+1 m—1
G(6) = G(0) + (1 a<1+20m>)+24 iy

()

which yields that for any choice of a € [0, 1] we have G'(0) = 0 = G"(0), as well as G"(0) > 0

for 1> a (1 + ) with equality for a = 1/ (1 + ). Since G"(0) = *mt 2 — ¢, > 0 for

all @ € (0, 1), this guarantees a local minimum for a = 1/(1 4 ~,,).
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Figure 1: Depicting the two crescents C = C,(6) and C_ = C_(6) for § = arccos{(u, pi,) on

S™ for m = 2 with north pole p and nearby sample Fréchet mean pi, .

In order to see that p gives the global minimum in case of a =1/ (1 + U;‘)—::) we consider

the derivatives

G'(5) = — 2% [ 5(0) avesin (h(6) sins) 6 + 26(1 — o),
Um,
@m—l
G (s) = — T (6) h(6) cos 0 o +2(1 — a) (8)
Um g V1 — h(0)? sin? 6
@mfl
> _dma g(@)h(@)d@—l—Q(l—a):2—a<2+vm+1>:0,
Um Um,
@m—l

where the inequality is strict for § # 0,7, i.e. p # *pu, due to 0 < h(f) < 1 for all § €
(—7/2,7/2)™" 1. Hence we infer that G’(9) is strictly increasing in § from G’(0) = 0, yielding

that there is no stationary point for F' other than p = pu. O]

Since the leading non-trivial order of the Fréchet function is |x|*, the asymptotic rate of the

mean is n~1/6,

3.3 Finite Sample Smeariness

We follow the treatment of Hundrieser et al. (2024).
Smeariness occurs only in finely tuned models. However, probability distributions which are
“close” to distributions with a smeary mean, especially the empirical measures of samples from

distributions with smeary mean, often exhibit finite sample smeariness of the mean.
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Definition 3.8. Using the data variance V := F(u) = E[d*(u, X)] and the sample mean

variance V,, := E[d*(u, [i,)] define the variance modulation as

nV,
v

m, =

We say that p is

(1) Euclidean if m,, =1 for alln € N,

(i1) finite sample (FS) smeary if 1 < sup,cym, < 00,

(ite) Type II if lim, oo m, = 1,

(i) (asymptotically) smeary if sup,cym, = oo.

In Theorem 3.6 (ii) if p > 0, one has a Type I FS smeary mean. Samples from a distribution
with smeary mean, have a type II F'S smeary mean, if they have a F'S smeary mean, because

the density at the antipodal point of the mean is 0.

10— 1.0/(2m)
— 0.9/(2n) ’
—— 0.8/(2n) )
: 10%) —— hole 0.0057
£ —— hole 0.0107
S
5 102
0
3
e
o
2 101
100_

10° 10! 102 103 10* 10° 100
Sample size n

In Hundrieser et al. (2024), we propose a hypothesis test for finite sample smeariness and

show that it asymptotically has the correct size using asymptotic theory for the Fréchet variance.

Hypothesis Test 3.9 (Bootstrap test for Finite Sample Smeariness).

Setting: Fréchet mean setting with data space ), descriptor space P = Q) and loss function

p=d* Lid. sample Xy,...,X,, € Q from unknown distribution such that Assumptions
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1, 2, 3, 4a, 5, and 7 are satisfied. Let pj be a Fréchet sample mean based on an n-out-of-n
bootstrap sample of X1,...,X,, forb=1,...,B and p* the Fréchet sample mean of the 1
(b=1,...,B). We use notation

NP

)
&~
M=

~ L~ o . .
Vo o= > A (fin, X;) = Fulfin) , Vop =
j=1

S5
Il

1

n,B = d4(ﬁ*7lu’2;)4 :

)

|
&~
M=

o
I

1

Null Hypothesis: Hyp,: m, < 1.

Test Statistic: Using the notation introduced above, define

A*
Y anB
m, = —=

Va

Rejection Criterion: Using the notation introduced above and the standard normal (1 — «)-

quantile ¢1_q, for a € (0,1), reject the hypothesis Hy,, at nominal level o if

W= (Vip)?
m, — 1> hy1-o where hy1_q = nf/%a \/ ’B‘,} b
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