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ROBUST ESTIMATION AND REGRESSION WITH MMD

PIERRE ALQUIER

Classification AMS 2020: 62F10, 62F35, 62J02, 68T05, 46E22.

Keywords: universal estimation; robust statistics; kernel methods; minimum distance
estimation.

Popular estimation methods in statistics, such as the maximum likelihood estimator
(MLE), or the method of moments, require strong assumptions on the statistical model
and the data-generating process to converge. When these conditions are not met, these
estimators can become very unstable. We are interested in universal estimators, that
would converge without assumptions on the model. For example, [15] proved that so-
called minimum distance estimators converge under far more general assumptions than
the MLE. More recently, the p-estimators defined in [4] are not only convergent, but
minimax-optimal, in a very large class of models. However, there are still a few limitating
assumptions in [15] [4], and the computation of these estimators might be difficult in
practice.

This talk will summarize a recent line of work on a variant of minimum distance
estimators based on the so-called maximum mean discrepancy (MMD). In the case of
i.i.d. data, these estimators converge without any assumption on the model nor on the
data generating process. Moreover, relatively efficient algorithms are available to
compute these estimators.

Let X,...,X, be X-valued random variables i.i.d. from a probability distribution
PY. Let M = (P,,0 € O) be a statistial model. Note that we don’t assume P° € M.
Let ‘H be a reproducing kernel Hilbert space (RKHS) equipped with a scalar product
(-,+), its associated norm || - || and a kernel &: there is a map ¢ : X — H with k(x,y) =
{(p(z),v(y)). The kernel mean embedding (KME) is defined for any probability P on X’ by
u(P) = Ex.p[p(X)]. We refer the reader to [11]] for more details on this construction.
In particular: if & is bounded, then the KME is indeed well-defined for any P; if k is
characteristic (see [11] for a definition), p is one-to-one. Thus, if k& is both bounded
and characteristic, Dy (P, P') = ||u(P) — u(P")|| defines a metric on probabilities over X'.
Finally, [11] provides examples of kernels that are indeed bounded and characteristic:
for example, when X = R?, the Gaussian kernel k(z,y) = exp(—||z — y||*/7)-

Definition 0.1. We define the MMD-minimum distance estimator, or MMD-MDE, as

0 = arg min Dy (Py, P,)

where P, = L% | Ox, is the empirical distribution of the sample X, ..., X,,.

In the talk, I will prove the following result:



Theorem 0.2 (Theorem 3.1 in [6]). Assume k < 1, then

. 2

E[Dy(F;, P°)] < inf Dy(Py, P°) + NG

The fact that there are no assumptions on PY nor on M = (F,0 € ) in the theorem

is not due to lack of space: this is actually a nice feature of 4! Variants of Theorem 0.2|

including a bound that holds with large probability rather than in expectation, can be
found in [5, 16].

Various topics on 6 will be covered in this talk:

e the MMD distance can be written in terms of expectations, and thus, the
minimization in Definition can be done with a stochastic gradient method.
Details are discussed in [5} [7].

e Theorem 1 leads to convergence: if the model is well-specified, P° € M, then
E[Dy(P;, P°)] < 2/y/n — 0 when n — oo. It also leads to robustness as defined
by Huber: if P° = (1 — €) Py + (@ for an arbitrary contamination ) and a small
e, then E[Dy(P;, P°)] < 4e + 2//n. This is proven in [7], where we also prove
more difficult robustness results under adversarial contamination of the data.

e the asymptotic normality of 6 is studied in [5] (this requires assumptions).

e an extention of Theorem to non-i.i.d. observations (time series) is provided
in [7]], under a new mixing condition. We also prove that this mixing condition
is less restrictive than the standard -mixing condition.

e the term 2/\/n in Theorem cannot be improved in general. However, under
assumptions on the variance of P, it can actually be improved: variance-aware
versions of Theorem are proven in [14].

¢ we can define Bayesian-flavored estimators by using the MMD to define a pseudo-
likelihood. We studied such estimators in [[7] and proved their convergence using
tools from the PAC-Bayes theory [1]. Other Bayesian-inspired variants of 0 are
based on sampling [8] and Approximate Bayesian Computation or ABC [10].

e this estimation strategy was successfully implemented in a wide range of
applications: generative artificial intelligence [9]], quantisation and
clustering [13]], estimation of copulas [2], estimation of parameters in stochastic
PDEs [5] etc.

A large part of the talk will be dedicated to parametric regression (linear, or not). In
this case, the observations are pairs input-output: X; = (Z;,Y;). Theorem [0.2] guarantees
that we can estimate the joint distribution of these pairs. But this is not relevant in
regression, where the objective is rather the estimation of the conditional distribution of
Y; given Z,.

The problem is that, while the theory of KME looks simple and elegant, a rigorous
definition of conditional KME turns out to be far more difficult and cumbersome! We
refer the reader to [12] for a recent account and a general approach to solve the problem.

In our recent paper [3], we proved that, in standard regression models: linear
regression with Gaussian noise, logistic regression, Poisson regression, etc., the
conditions for the existence of conditional KMEs are met. This can be used to define
consistent and robust estimation of the regression parameters in the spirit of



Definition above. These estimators turn out to perform extremely when compared
to existing robust regression procedures.

(1]

(2]

(3]
(4]
(5]

(6]
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FORMULATION AND RESOLUTION OF INVERSE PROBLEMS IN SIGNAL AND
IMAGE PROCESSING - FROM CLASSICAL METHODS TO HYBRID Al

CAROLINE CHAUX

Classification AMS 2020: 94A08, 68T07

Keywords: Unrolled algorithms, parameter estimation, maximum a posteriori, wavelets,
sparsity, low-rank, deconvolution, robust PCA.

We are interested here in inverse problems arising in signal and image processing.
Solving such problems firstly consists in formalising the direct problem by
understanding the physics behind and secondly, solving the associated inverse problem
which results in solving an optimization problem. Two main ingredients are involved in
the optimization functional to be minimized: a data fidelity term accounting for the
model and a regularisation term (possibly several ones) accounting for prior
information on the targeted solution. Regularisation parameters come into the play to
guarantee the best trade-off between the two quantities.

Classical optimization-based approaches consist in, once the optimization problem
has been formulated, proposing iterative procedures (e.g. proximal algorithms [1])
converging to a solution of the considered inverse problem. In such a case, most of the
time, the parameters (either regularisation or algorithm’s hyperparamaters) are fixed
empirically. More recently, unrolled or unfolded neural networks have been proposed
[2]. They combine optimization and learning, constitute interpretable networks, and
integrate information about the direct model.

Inverse problems are encountered in many scientific domains such as biology, medical
imaging, chemistry, audio signal processing for which, different tasks must be tackled
such as deconvolution, restoration, unmixing, missing data reconstruction, etc.

We presented in this talk a physics-informed unrolled network [3] to automatically
choose regularisation parameters in image deconvolution when the regularisation is
performed in the wavelet domain. The resulting optimisation problem is solved by
using an unrolled version of FISTA algorithm [4]. Indeed, hyper-parameter tuning, and
especially regularisation parameter estimation, is a challenging but essential task when
solving inverse problems. We proposed to perform their estimation under an unrolled
strategy together with the inverse problem solving. The resulting network is trained
while incorporating information on the model through Maximum a Posteriori
estimation which drastically decreases the amount of data needed for the training and
results in better estimation results.

We also presented a physics-informed unrolled network [5] to solve the problem of
Robust Principal Component Analysis (RPCA) which consists in decomposing a matrix
into the sum of a low rank matrix and a sparse matrix. We proposed a deep unrolled
algorithm based on an accelerated alternating projection algorithm [6] which aims to
solve RPCA in its nonconvex form and where hyperparameters are automatically learnt.
We demonstrated the unrolled algorithm’s effectiveness on synthetic datasets and also



on a face modelling problem, where it leads to both better numerical and visual
performances.

These works have been done in collaboration with Vincent Tan, Emmanuel Soubies,
Pascal Nguyen and Elisabeth Tan.
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MINI-COURSE ON OPTIMAL TRANSPORT AND HIGH-DIMENSIONAL
PROBABILITY

SINHO CHEWI AND YAIR SHENFELD

The mini-course focused on the foundations and applications of optimal transport and high-
dimensional probability. The course was composed of 8 lectures whose outline is given below.

Lecture 1. The notion of transportation of measures was introduced, followed by the Monge prob-
lem of transporting between two measures in an optimal way. Since the Monge problem is difficult
to solve, a better behaved relaxation, known as the Kantorovich problem, was introduced, which
involves the notion of couplings as substitutes for transport maps.

Lecture 2. The Kantorovich problem is a linear programming problem where duality plays an
important. This duality was proved, yielding characterizations of the primal and dual solutions,
as well as Brenier’s theorem on the original problem of Monge. The important concept of cyclical
monotonicity was introduced and used in the proof.

Lecture 3. The Kantorovich problem leads to the notion of the Wasserstein distance over the space
of probability measures. It was shown that the Wasserstein distance is indeed a metric, which is
compatible with weak convergence. The formula for the linearization of the Wasserstein distance
was also derived.

Lecture 4. The Wasserstein space, the space of probability measures endowed with the Wasserstein
distance, can viewed as a formal infinite-dimensional Riemannian manifold. This perspective was
explained by introducing the dynamic formulation of optimal transport, known as the Benamou—
Brenier principle. Analogies to fluid dynamics were drawn. This led to the development of the Otto
calculus over the Wasserstein space.

Lecture 5. The Otto calculus over the Wasserstein space allows for the development of a theory
of gradient flows of functionals of probability measures. Formulas for gradients and gradient flows
were derived, emphasizing the roles of important functionals such as entropy, as well as the notion
of displacement convexity.

Lecture 6. Functional inequalities capture the convergence to equilibrium of gradient flows, and
some important examples of these inequalities were introduced: the log-Sobolev inequality, Tala-
grand’s inequality, and the HWI inequality. It was shown how the notion of displacement convexity
can be used to prove functional inequalities, and how in turn, the property of log-concavity of a
probability measure is closely connected with the displacement convexity of the relative entropy.

Lecture 7. Functional inequalities can also be used to establish the concentration of measure
phenomenon. The following notions were presented: sub-Gaussian variables, the entropy method
attributed to Herbst, the Bobkov—Go6tze theorem, tensorization, and transport inequalities.



Lecture 8. The perspective of viewing flows of probability measures as gradient flows in Wasserstein
space ultimately leads to a powerful set of tools and insights from optimization which can be applied
to the analysis of sampling algorithms. This idea was developed in the context of providing a non-
asymptotic convergence analysis for the Euler-Maruyama discretization of the Langevin diffusion.

SCHOOL OF MATHEMATICS, INSTITUTE FOR ADVANCED STUDY, PRINCETON, NJ, USA
E-mail address: schewi@ias.edu

DivisioN oF APPLIED MATHEMATICS, BROWN UNIVERSITY, PROVIDENCE, RI, USA
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PARSITY, FEATURE SELECTION &
THE SHAPLEY-FOLKMAN THEOREM.

ALEX D’ASPREMONT

Classification AMS 2020: 65K05
Keywords: Duality, Shapley-Folkman

Due to its linear complexity, naive Bayes classification remains an attractive
supervised learning method, especially in very large-scale settings. We propose a sparse
version of naive Bayes, which can be used for feature selection. This leads to a
combinatorial maximum-likelihood problem, for which we provide an exact solution in
the case of binary data, or a bound in the multinomial case. We prove that our convex
relaxation bounds becomes tight as the marginal contribution of additional features
decreases, using a priori duality gap bounds dervied from the Shapley-Folkman
theorem. We show how to produce primal solutions satisfying these bounds. Both
binary and multinomial sparse models are solvable in time almost linear in problem
size, representing a very small extra relative cost compared to the classical naive Bayes.
Numerical experiments on text data show that the naive Bayes feature selection method
is as statistically effective as state-of-the-art feature selection methods such as recursive
feature elimination, /;-penalized logistic regression and LASSO, while being orders of
magnitude faster ]

CNRS - ENS PARIS.
Email address: aspremon@ens.fr

A python implementation can be found at https://github.com/aspremon/NaiveFeatureSelection


https://github.com/aspremon/NaiveFeatureSelection

Gradient flows for empirical Bayes in high-dimensional linear
models

Zhou Fan? Leying Guan{ Yandi Shen? Yihong Wu*

Introduced by Robbins [Rob51, Rob56] in the 1950s, empirical Bayes (EB) is a powerful frame-
work for large-scale inference that learns and adapts to latent structure in data. In this work, we
consider empirical Bayes estimation in a linear model with Gaussian noise and i.i.d. prior,

y = X6 + ¢, Hjirivdg*, 6iifi\€l/\/(0,02). (0.1)

Assuming that the sample size n and dimension p are both large, we study estimation of the effect
size prior g, from the regression data (X,y). Many methods based upon variational inference or
Monte Carlo EM have been proposed for this problem in the context of inferring genetic architec-
tures of complex traits [ZQPC18, O’C21, ZZ21, SSAAP22, MCW™23], but the problem has only
recently been the subject of theoretical study [MSS23].

We propose and study a new gradient-flow procedure for nonparametric estimation of g, via the
nonparametric maximum likelihood estimator (NPMLE). For a user-specified parameter 72 > 0,
reparametrizing the model by a smoothed regression vector ¢ = 6 + N'(0,721d) and modified
residual € ~ N(0, £) where ¥ = ¢%21d —72XX T, the negative log-likelihood F},(¢g) admits a Gibbs
variational representation

F.(9) =mqin F.(q,9),

1 [[1 _ u
Fu(g.9) = / [2(3’ —Xp) =7y — Xg) = ) " log[N; = g](;) + log q() | a()dep + constant.
j=1
We propose to jointly optimize F),(g, g) over posterior densities ¢ on RP and prior densities g on a

bounded support [—M, M], via the coupled gradient flows

%%(‘P) = —p - grady”? Fou(qt, g0)[¢p]
* g (i) \P
=V |ale) (xTz*(Xso - - () ) Fhale)  (02)
%gt(Q) — o grad™ F, gy, 9:) 6] = 0 0,(0) ({N } /\/qigt] ) - 1> 0.3)

where gradgv2 denotes the Wasserstein-2 gradient in gq, grang denotes the Fisher-Rao gradient in g,
N * g4 is the convolution of the AN'(0,72) density with g;, and g is the univariate averaged marginal

*Department of Statistics and Data Science, Yale University
tDepartment of Biostatistics, Yale University
zhou.fan@yale.edu, leying.guan@yale.edu, yandi.shen@yale.edu, yihong.wu@yale.edu



density of coordinates under ¢;. The ¢g-flow (0.2) is simulated via a Langevin diffusion [JKO98]

_ Tg-1 [N gt]/(%,j)>p

dey ( XS Y Xep —y) + ( N+ oil(on) j:1> dt + v/2dB; (0.4)
with time-evolving drift. This is coupled with the g-flow (0.3) which is simulated by a fixed-grid
discretization of the domain [—M, M| and an empirical estimate of ¢; from the coordinates of the
Langevin sample ;. The reparametrization of the model by ¢ rather than 6 ensures that the
Langevin diffusion targets a continuous and sufficiently regular posterior density, even if the prior
estimate g approaches a discrete measure. This idea of bivariate optimization of a Gibbs variational
representation for maximum likelihood inference can be attributed to [NH98|, and has also been
proposed and studied recently in [KLJ23, ACG*23] in different contexts.

Our results consist of (1) a statistical consistency guarantee for the NPMLE in this problem,
extending recent work of [MSS23], (2) a new log-Sobolev inequality for mixing of Langevin dynamics
in the linear model, deriving from an insight of [BB19], and (3) a local convergence guarantee for
the above gradient flow algorithm.

For consistency, we show the following result.

Theorem 0.1. Suppose g. is supported on a known interval [-M,M]. As n,p — oo, under a
deterministic condition for the design matriz X, which in particular assumes the existence of test
vectors z; € R™ for sufficiently many columns x; of X such that

Ty, T 2+4-¢
z;x; — 1, |z; x1|"7° — 0,

any approximate NPMLE g over [—M, M] satisfies § = g« almost surely in the sense of weak
convergence.

Proposition 0.2. Suppose n/p >~ for any constant v > 0, and X € R"*P has i.i.d. sub-Gaussian
TOWS {ﬁx(l)}?ﬂ where 9 has mean 0, covariance Xx € RP*P satisfying

c< )\min(EX) < Amax(EX) < Ca

and bounded sub-Gaussian norm. Then the assumptions for X needed in the above theorem hold
almost surely as n,p — co.

For mixing of the Langevin diffusion, let v[g] be the posterior density of ¢ given (X,y) under
the prior g for 8. We prove the following uniform log-Sobolev inequality, which implies exponential
contraction in KL-divergence for the Langevin diffusion with v[g] as its stationary law.

Theorem 0.3. Let g be supported on [—M, M] and fiz a constant § > 0. Suppose that o* /|| X||2, >
M?+6. Then for any 7% € (O,UQ/HXng—é), v|g| satisfies a LSI with constant C = C(M,7,0) >0
that is uniform over all priors g on [—M, M].

Finally, for local convergence of the bivariate gradient flow, we show the following.

Theorem 0.4. Suppose that v|g] satisfies a LSI with some constant C = C(M, 1) > 0, uniformly
over priors g supported on [—M,M]. Let {(qt, gt) }+>0 be the solution to the bivariate gradient flow
(0.2-0.3).

If F,, is convex over the sub-level set {g : F,,(9) < Fy(qo,90)} and additional (mild) technical
conditions hold for the initialization (go, qo), then for any € > 0, some constant C(g) > 0, and some
time t < C(g)(n + p), it holds that Fy,(g;) — Fn(gs) < e.

We leave for future work several interesting open questions, including a better theoretical charac-
terization of the optimization landscape of F},(g) and conditions for global convergence, a theoretical
analysis of time discretization and consistency of estimating ¢; within the empirical implementation
of the g-flow equation (0.3), and extensions to more complex models and sampling algorithms.
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ON THE EMERGENCE OF CLUSTERS IN SELF-ATTENTION DYNAMICS

BORJAN GESHKOVSKI

Classification AMS 2020: 34DO05, 34D06, 35Q83

Keywords: Transformers, self-attention, interacting particle systems, clustering, gradient
flows.

1. INTRODUCTION

The introduction of Transformers in 2017 marked a milestone in the development of
neural network architectures. Central to this is self-attention, a novel mechanism which
distinguishes Transformers from traditional architectures, and which plays a substantial
role in their superior practical performance. We present a mathematical framework for
analyzing Transformers based on their interpretation as interacting particle systems, in
which time plays the role of layers. Our analysis reveals that clusters emerge in long time,
confirming previous empirical findings, and shedding light on the role of the attention
mechanism.

2. MAIN RESULT

As first done in [3] 8], we define an idealized model of the Transformer architecture
that consists in viewing the discrete layer indices as a continuous time variable, and
which focuses exclusively on two key components of the Transformers architecture: self-
attention and layer normalizatior{} This results in the dynamics

(SA) ii(t) = Py (Zﬁ Z Blai(t)w; (1)) ())

fori € [n] and ¢t > 0, where

(2.1) Zﬁ,i (t) — Z eBlai(t)r (1))

k=1
and P+ = I; — zx" is the orthogonal projector to T,S% 1. We prove the following result
(see [1,12D).

Theorem 2.1. Let d,n > 2 and 8 > 0, and suppose that either d > n, or 3 >4 n? or
B < n~'. Consider the unique solution (z;(-))icin) € C°(Rxo; (S*')") to the Cauchy problem
for (SA), corresponding to an initial sequence of points (x;(0))ie € (S%')" distributed
uniformly at random. Then almost surely there exists x* € S%~! such that

IStrictly speaking, we are using root-mean-square (RMS) norm. To the best of our knowledge, the
original layer normalization, which consists in standardizing every component of every token at every
layer has not yet been addressed in the continuous-time formulation of Transformers.



forall i € [n].

P((z1(t), z2(t)) > 0.99) = 0

© o 00®°

P((z1 (), z2(t)) > 0.99) = 1

5 10 15 20 25 30

FIGURE 1. The evolution of trajectories can be fully described in very large
dimension (d > poly n), beyond solely long time asymptotics with rates,
as seen in the phase diagram above. See [2].

Note that when d = 2 and 8 = 0, we recover the celebrated Kuramoto model of
oscillators [[7] (see [6] for mathematical details in the case d > 2).

Analyzing the self-attention model with a view toward understanding fine-grained and
empirically observed phenomena in Transformers has borne fruit to several interesting
results in the past year. Stability of the asymptotic results presented in [[1]] with respect
to perturbations of the parameters has been addressed in [5]. A mean-field version of
the masked attention mechanism, as well as a thorough study of the Lipschitz constant
of attention is presented in [4]. Steering ensembles of empirical measures to ensembles
of empirical measures via parametrized self-attention dynamics has been done in [9].
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Developing cheap and accurate computational techniques for Bayesian inference is an
important goal, as Bayesian inference tasks can be very computationally intensive.
These tasks include constructing posterior credible sets, computing the posterior mean
and covariance, and computing the posterior predictive distribution of a new data point.
Computing all of these quantities involves either sampling from the posterior m, or
taking integrals [ gdm against the posterior. When the dimensionality of the parameter
of interest is large, these tasks can be very expensive.

The most common approach in Bayesian inference to both generate samples from,
and integrate against 7 is Markov Chain Monte Carlo (MCMC) [3]. In principle, MCMC
schemes can be made arbitrarily accurate by tuning parameters, e.g. by extending the
simulation time of the Markov chain or by decreasing step sizes. However, MCMC is
computationally intensive in high dimensions and it also has other disadvantages. For
example, it can be difficult to identify clear-cut stopping criteria for the algorithm [5].

Another popular approach is to find a simple distribution 4 which approximates ,
and to use this distribution as a proxy for 7 to do all of one’s inference tasks. In the
ideal scenario, many integrals against 4 are computable in closed form, and it is cheap
to sample from 4. The idea of using an approximation 4 to 7 is at the heart of
approximate Bayesian inference methods such as variational inference [2, [16],
expectation propagation [12], and the Laplace approximation, a Gaussian
approximation first introduced in the Bayesian inference context by [14].

The Laplace approximation (LA) exploits large sample properties of the posterior
which have been established in the Bernstein von-Mises theorem (BvM). The BvM is a
fundamental result which in its classical form states that if the model is well-specified,
then the posterior contracts around the ground truth parameter and becomes
asymptotically normal in the large sample limit [15, Section 10.2]. Despite the
theoretical and philosophical importance of the BvM (it has been used as a justification
of Bayesian procedures from the perspective of frequentist inference), this result does
not give an implementable Gaussian approximation to the posterior. This is where the
LA comes in.

To explain the LA construction, consider a posterior m whose mass concentrates in a
small neighborhood of the mode, which we call . When the conditions of the BvM are
satisfied, this highest mode should be unique; otherwise, concentration cannot occur.
Since most of the mass of 7 is near , we should incur only a small error by replacing the
log posterior with its second order Taylor expansion about z. This gives rise to the LA,
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the Gaussian density 4 which is given by

(0.1) y=N (56, V2V(i)_1) , & =argminV(x)

€O
where 7 « e7V is a density on © C R?. The LA has proved to be an invaluable tool for
Bayesian inference in applications ranging from deep learning [6] to inverse
problems [4] to variable selection in high-dimensional regression [1].

Unlike methods such as MCMC, which can be made arbitrarily accurate, there are no
parameters to tune in the LA — it incurs some fixed approximation error. Quantifying
the LAs error as a function of dimension d, sample size n, and model parameters, is a
worthy task given its widespread use. It is also a challenging theoretical endeavor when
dimension d is large, and currently a very active research area. Major contributions have
been made e.g. by [9, 13} [8]. We also study the LA error in this work.

But arguably, it is even more important to go beyond the LA to develop new, more
accurate approximations which better capture the complexity of the posterior 7. For
example, a known downside of the LA 4 is that it is symmetric about the mode and
therefore cannot capture skewness of 7. Instead of constructing an entirely new kind of
approximation, a natural idea is to correct the LA in some way to get a higher-order
accuracy approximation. Non-rigorous skew normal approximations have been
developed in [17], but we are aware of only a single work [7] that rigorously derives a
higher-order accurate LA. However, the corrected LA obtained by [7] is only shown to
be accurate in constant dimension d. In modern applications involving very
high-dimensional parameters, d cannot be considered constant relative to sample size n.
So far, no prior work has obtained a higher-accuracy LA which is rigorously justified in
high dimensions.

In this work, we develop a powerful technique to analyze the Laplace approximation
more precisely than was possible before. This technique leads us to derive the first ever
correction to the LA which provably improves its accuracy by an order of magnitude, in high
dimensions. Our approach allows us to prove error bounds on this corrected LA in terms
of a variety of error metrics discussed below. It also enables us to prove both tighter
upper bounds and the first ever lower bounds on the standard LA in high dimensions. In
particular, we prove that d* < n is in general necessary for accuracy of the LA. Finally, we
apply our theory in two example models: a Dirichlet posterior arising from a multinomial
observation, and logistic regression with Gaussian design. In the latter setting, we prove
high probability bounds on the accuracy of the LA and skew-corrected LA in powers of

d/+/n alone.
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The Watts—Strogatz small-world model has been an influential random graph model
since its proposal in 1998 due to the ubiquity of the small-world phenomenon in complex
networks [12], [11]. In this model, there are n vertices with latent positions on a circle,
and the vertices are more likely to be connected to their k-nearest geometric neighbors
than to more distant vertices. In other words, a denser cycle of length n and width & is
“planted” in the sparser ambient random graph on n vertices.

While there has been extensive literature on small-world networks and geometric
graphs in general, the associated statistical problems, such as detection and recovery of
the latent geometry from the observed random graph, have only gained attention more
recently =~ The information-theoretic thresholds and efficient algorithms for the
small-world model are studied in [2]], but there remain several gaps between upper and
lower bounds that are unknown to be inherent or not. Much sharper characterizations
of the recovery thresholds are given in [1} 3] but only for a small bandwidth parameter
k = n°). From the perspective of graphon estimation, there have also been algorithms
and statistical analyses introduced for related models recently [6, [10, [5]. Moreover, the
study of random geometric graphs has received broad interests in recent years; see the
survey [4] and the works [[7, 8] for high-dimensional random geometric graphs with
edge noise similar to what we consider.

Since the model of interest consists of a hidden dense cycle planted in a sparser random
graph, the recent work [9] refers to it as the planted dense cycle problem, following
the etymology of planted clique and planted dense subgraph problems. The work [9]
studies the problem in the framework of low-degree polynomial algorithms, a framework
that has proved to be successful at predicting computational thresholds. However, the
more fundamental information-theoretic (or statistical) thresholds—where no constraints
are placed on computation time—remain open, and we aim to address them in this
work. More specifically, suppose that in an ambient random graph on n vertices with
edge density ¢, there is a hidden cycle with expected width & = n7 and edge density
p. We find the information-theoretic thresholds for detecting the presence of the cycle
and for recovering the location of the cycle, in terms of the parameters n,7,p,q. In
particular, the information-theoretic thresholds for detection and recovery both differ
from the computational thresholds given in [9]], justifying the existence of statistical-to-
computational gaps for this problem.

Problem setup. The planted dense cycle model can be described as follows. For any
a,b € [0, 1], define 9(a, b) := min{|a —b|, 1 — |a — b|}. In other words, d(a, b) is the distance
between a and b on a circle of circumference 1. Throughout the paper, we consider the



setting where the number of vertices n grows, and other parameters p, ¢,r, 7 € [0, 1| may
depend on n. In the models to be defined, p and ¢ will be the average edge densities on
and off the planted cycle respectively, r is the average edge density of the entire graph,
and nr is the bandwidth of the cycle, satisfying

(D n — 0o, O<qg<r<p<l, 0<7<1/2 r=1p+(1—1)q.

Definition 1 (Model P, planted dense cycle). Let z € [0,1]|" be a latent random vector
whose entries zi, . . ., z, are i.i.d. Unif([0, 1]) variables. Let X;; := Ly, z;)<7/2 for all (i, j) €
(["}) For concreteness, we let X;; = 0 and X;; = X;; for i # j, so that X € R™" is the
adjacency matrix of the underlying cycle. We observe an undirected graph with adjacency
matrix A € R™"™ whose edges, conditional on zi,...,z,, are independently sampled as
follows: A;; ~ Bern(p) if X;; = 1 and A;; ~ Bern(q) if X;; = 0 for (i,7) € (M) We write
A~ Pyand (A, X) ~ P (or, equivalently, (A, z) ~ P).

Definition 2 (Model Q, Erd6s—Rényi graph). We observe a GG(n, r) Erdés—Rényi graph with
adjacency matrix A € R™*". We write A ~ Q.

We now formulate the detection and recovery problems of interest.

Definition 3 (Detection). Let P and Q be the models from Definitions [I|and [2| respectively,
with parameters in (I). Observing the adjacency matrix A € R™ " of a graph, we test
H,: A~ Pyagainst Hy: A ~ Q. We say that a test @, a {0, 1}-valued measurable function
of the observation A, achieves

e strong detection, if lim,,_,o,[P{®(A) =0} + Q{P(A) = 1}] = 0;

e weak detection, if limsup,,_, . [P{®(4) =0} + Q{P(A4) =1}] < 1.

Definition 4 (Recovery). Let P be the model from Definition [I| with parameters in (IJ).
For (A, X) ~ P, observing A, we aim to estimate X with an estimator X € R"*" that is
measurable with respect to A. Consider the mean squared error
R(X,X) = Zl§i<j§nE[(Xij — X;)?], where the expectation is with respect to (A, X) ~ P.
We say that an estimator X achieves

RXX) _ .

AR

e weak recovery, if limsup,,_, %
2)TUETT

Note that each X;; is marginally a Bern(7) random variable, so estimating X;; by its mean

7 for all (i,5) € () yields a trivial mean squared error (7)7(1 — 7), which justifies the
above definition.

e strong recovery, if lim,,

<1

Main results. Our main results are summarized in the following theorem.

Theorem 5 (Information-theoretic thresholds). Consider the detection and recovery
problems in Definitions and H respectively, with parameters n,7,p,q,r in ().
Furthermore, suppose that (logn)® < nt < I and len <y < 1 Define \ : = b= o ql)
which can be seen as the signal-to-noise ratio of the problem. Then we have
e If nTA\ — 0 as n — oo, then no test achieves weak detection, and no estimator
achieves weak recovery.
o If A 5 50 and M=) 5 50 as n — oo, then there is a test that achieves strong

logn log n

recovery, and there is an estimator that achieves strong recovery.




Our conditions for positive and negative results match up to a logarithmic factor in
most cases. The threshold for both detection and recovery is n7A = O(1), where nr is
the bandwidth of the planted dense cycle, and ) is the edge-wise signal-to-noise ratio.

Remark 6 (Statistical-to-computational gap). Our information-theoretic results for the
detection and recovery of a planted dense cycle complement the work [9] which studies low-
degree polynomial algorithms for the same model. Suppose that the parameters in (1)) satisfy

Cq < p < ('q for some constants C' > C' > 1. As shown in [9], the detection threshold for

the class of low-degree polynomial algorithms is n’p*t* = n°Y), and the recovery threshold

for the class of low-degree polynomial algorithms is npr? = n°Y). In this regime, the signal-

. . —q)2 . . .
to-noise ratio A = % has the same order as p, so the information-theoretic threshold

from Theorem @ can be expressed as npr = O(1). Therefore, Theorem @ and [9] together
suggest that there are statistical-to-computational gaps for both detection and recovery of a
planted dense cycle.
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1. GRADIENT DYNAMICS IN DEEP LEARNING

These lectures study the training dynamics of the deep linear network (DLN) using
the geometric theory of dynamical systems. The DLN is deep learning restricted to
linear functions. @ However, it retains two essential features of deep learning:
overparametrization and degenerate loss functions. Overparametrization provides a
foliation of phase space by invariant manifolds. Of these, there is a fundamental
invariant manifold, the balanced manifold, which is itself foliated by group orbits. This
geometric structure allows us to define a natural Boltzmann entropy (the logarithm of
the volume of a group orbit) that may be computed explicitly. Our approach unifies the
work of several authors into a thermodynamic framework.

2. THE MODEL

We fix two positive integer d and N referred to as the width and depth of the network.
The state space for the DLN is M}, where M, denotes the space of d x d real matrices.
Each point W € MY is denoted by W = (Wy, Wy _1,...,W;). We equip M, with the
Frobenius norm so that MY is Euclidean with the norm [W|* = Y0 | Tr (WIW,). We
define the projection ¢ : MY — M, and end-to-end matrix X by

2.1) H(W) = WyWy_q--- Wy = W.

We assume given an energy F : M; — R. The training dynamics are described by the
gradient flow in M of the ‘lifted’ loss function L = F o ¢

(2.2) W = —-VwL(W).

A computation then reduces equation (2.2) to a collection of N equations in My
(2.3) W,= Wy W, ) TE(X)Wp_y - W)T, p=1,...,N.
Here E'(X) denotes the d x d matrix with entries

oF

J

1<j,k<d
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3. OVERPARAMETRIZATION AND DEGENERATE LOSS FUNCTIONS

Let f, : R? — R? define the linear function f,(z) = W,z for 1 < p < N. Then the linear
function f : R? — R? corresponding to the matrix f(z) = Xxis f = fv o fn_1...0 fi.
The output function f depends only on the end-to-end matrix X. However, the same
function f may be represented by Nd? choices of training parameters W. Thus, despite
the absence of the nonlinear activation element and shifts, the choice of variables in the
DLN models overparametrization in deep learning.

Natural learning tasks, such as matrix completion, give rise to degenerate loss functions.
Assume given a subset S C {(4, j) }1<;i j<¢ and assume given the values of X, for (i, j) €
S, say X;; = a;;. The task in matrix completion task is to obtain a principled answer to
the question: how do we reconstruct X from the partial observations X;; for (i, j) € S?

The DLN is used to study this question as follows. Introduce the quadratic loss function

1
(3.1 E(X) =35 > 1Xy - ayl’,
(1,5)€S
and seek the limit of X (¢) = ¢(W(t)) ast — oo when W () solves the gradient flow (2.3).

The loss function E(X) is degenerate because it does not depend on X;; when (i, j) ¢ S.
Thus, E is minimized on the affine subspace

S:{XGMC[ZXU:CLM, (Z,]) ES}

In particular, £ does not have compact sublevel sets, and we cannot apply La Salle’s
invariance principle. However, a new mathematical structure emerges.

4. GEOMETRIC FEATURES OF TRAINING DYNAMICS

(1) Invariant varieties. Equation (2.3) shows that each Wp is obtained by a linear
transformation of E’(X). Thus, the space of gradients of L = E o ¢ at W has
only d*> dimensions, whereas the dimension of the tangent space TwMY is Nd?.
A simple calculation then yields (N — 1)d(d + 1)/2 conserved quantities [1, 2, 3]

(4.1) Gy =W Wy —W,W), 1<p<N-1

The solution set to these equations is a conic section in M} parametrized by N —1
symmetric matrices. We call these the G-balanced varieties, denoted Mg, where
G = (Gn_1,...,G1). Each of these varieties is invariant under the flow (2.2).

(2) Riemannian submersion of M When G = 0 and X has full rank, we obtain a
fundamental invariant manifold termed the balanced manifold, M. The dynamics
of X(t) € My are slaved to the dynamics of W(t) € M. However, when W (¢)
lies on M, then X (t) satisfies the Riemannian gradient flow [4]

(4.2) X = —grad v E(X),

where the metric ¢g" is obtained by Riemannian submersion of the metric on MY
restricted to M.

(3) Group orbits and an entropy formula Given X € M, we may lift it to an O(d)™ !
orbit Ox € MY, such that (W) = X for each W € Ox. We may then quantify
overparametrization with a  Boltzmann entropy of the form
S(X) =logvol(Oy) [7], improving the main result in [5].



(4) From gradient descent to the Riemannian Langevin equation (RLE). We augment
the gradient dynamics with natural stochastic dynamics, using the geometry of
overparametrization to add noise in the ‘null directions’. This extends the idea of
optimization by the DLN to that of Gibbs sampling, providing a thermodynamic
framework in which the energy F(X) is replaced by a Helmholtz free energy
F(X) = E(X) - p715(X) at inverse temperature 3 > 0 [6, 7].

The volume formula is as follows. Given X € M, with full rank, let its SVD be X =
QNEQT, where Qn, Qo € O(d), X = diag(oy, ...,04). Then

(4.3) vol(Ox) = ¢~

where ¢; = vol(O(d)) = 2243 ] F’T(—f) is the volume of O(d)van(A) denotes the
2
Vandermonde determinant associated to a diagonal matrix A.

The formulation of the RLE, especially the definition of the noise in the null directions,
requires greater detail and is contained in the forthcoming work [6, 7].
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@ typically, financial derivatives depend on several underlying assets

@ Prices of derivatives are expressed by partial differential equations (PDE)

= high-dimensional PDE

@ In idealized markets without friction
= PDE is linear
— Efficient Algorithms to solve PDE

Want: More sophisticated models

— PDE becomes nonlinear
— Complexity of Algorithms grows exponentially in dimension

= Algorithms are non-efficient in high-dimensions!

Idea: Train neural network (NN) to approx. solve nonlinear PDE

Ariel Neufeld (NTU)



Mathematical Definition of m-layered neural network A/ (™)

(m) p(m) (m=1) p(m—1) (0) p(0)
Na(m,é))(x) . fAM B O,(m) ° fr/r?—l ,b 6.0 0_(1) o fA ,b (X)

where for u=0,...,m

. . (u) plw)
e affine function: qu b

(v) := AWy 4+ p(¥), where
o weights: A(Y) ¢ Rl <ty
@ bias: p(¥) € Rl

e activation function (vi,...vy,) — o (v) :== (o(v),...0(v,)) € R

typically:
-o(x) := max{x,0}  "rectified linear unit (ReLU)"
-0(x) == == "Sigmoid function"

= Need to specify > " o lulu+1 + Lu+1 many parameters

Ariel Neufeld (NTU)

Universal Approximation Theorem (for sigmoid) by Cybenko

Let X be compact, then set of 1-layered neural networks is dense in C(X).

Other approximation results: Hornik, Maiorov, Pinkus, Mhaskar, Yarotsky...

Idea: Use Neural networks to approx. solve high-dim. nonlinear PDEs

Questions:
@ How can we use universal approximation property of neural networks?

@ How can we "learn" approximatively the solution of PDE?

Training of neural network involves solving optimization problems:

@ How to formulate solution of PDE as solution of an optimization problem?

Ariel Neufeld (NTU)



Quadratic Minimization

For any x € [a, b]? let X, be suff. int. random variable, x — E[X,] contin.
Then

/[a,b]dEUXX —E[X]P]dx= min ( /[a7b]dE[|XX — u(x)?] dx)

ueC([a,b]?,R)

Moral: Expectation is solution of quadratic minimization problem!

Note: Similar results for conditional expectation

— Whrite solution of PDE as Expectation

Ariel Neufeld (NTU)

Feynman-Kac Representation

For any t € [0, T], x € RY consider

XSt’X:x—l—/ w(X) du+/ a( X)) dW,
t t

Then, the solution of the PDE

— 2 v(t,x) — (u(x), (Vxv)(t, x)) — 3Trace(o(x)o(x) " (Hess,v)(t, x)) =0
v(T,x) = ¢(x)

satisfies the following representation

v(t,x) = Elp(X7")]

Moral: Can indeed write solution of PDE as Expectation!

Ariel Neufeld (NTU)



Solution of linear PDE is solution of minimization problem

For each t, x the solution v(t, x) of the PDE
—Zy(t,x) — (u(x), (Vxv)(t, x)) — 3Trace(o(x)o(x) " (Hessxv)(t, x)) =0
v(T,x) = ¢(x)

satisfies

Eflp(X) = vt )P) = _inf  E[lp(X{) - u()P]

Idea: Use neural network to approx. solve minimization problem (RHS)

Ariel Neufeld (NTU)

How to get from linear to semilinear parabolic PDEs

We are interested in semilinear parabolic PDEs

—Zv—f(x,v,Vev) = (u(x), (Vev)) — $Trace(o(x)o(x) " (Hess,v)) =0
v(T,x) = ¢(x)

Existing literature (to name but a few:)

E, Fujii, Jaafari, Han, Henry-Labordere, Huré, Hutzenthaler, Grohs, Jentzen,
Long, Mikael, Pham, Privault, Sirignano, Spiliopoulos, Takahashi, Warin, Yu......

Most cases:

use nonlinear Feynman-Kac representation via BSDE to write
solution of PDE as solution of (squared) minimization problem

Our approach:
Treat separately linear and nonlinear part (splitting method)

Ariel Neufeld (NTU)



Deep splitting method: Derivation

1. Time discretization 0 =to < t; <--- <ty =T
@ Set Vr(x)=v(T,x)=p(x)

@ Define recursively for each n=N —1,....0 and t € [t,, t,21)
Vi(x) = Vi, (X) + F(X, Vi (%), Vi Ve ()t — ta)

+ /t 0 (VL V) () + 3Trace(a(x)o(x) " (Hess, Vs)(x)) ds

Consequences: Foreachn=N—-1,....0
—% Ve(x) = (u(x), (V< Vi) (x)) — 2Trace(o(x)o(x) T (Hess, V;)(x)) = 0
v(ty, x) & Vi (x)

Approximated 1 nonlinear PDE on [0,T] by N linear PDEs on [tn, to41), n=N —1,...,0

Ariel Neufeld (NTU)

2. Feynman-Kac type of representation

Consider for some &

t t
X =€+ / j(X,) du + / o (X,) dW,
0 0
By It6's formula and PDE equation for V;(x), we see for all t € [t,, thi1)
Vi, (Xt,) = E[Vt(Xt) ‘ Ftn]: E[Vt(Xt) ‘ U(th)}
Using the splitting up discretization, we see that when t — t,1

th(an) - E{th}l(Xrn :l) Jr f(X th}l(th}l)? vX th I(an 1))(tn'1 o tn) ‘ O-(th)}

3. From the property of (conditional) expectation
Vi, (x) =

arg G”gmd)EUth 2 (Xopea) £ Ve (Xeya)s Vi Vi (X)) (a1 — ) — u(x)?]

Ariel Neufeld (NTU)



4. Approximation by Neural Networks

@ Set V§(x) := Vr(x) = v(T,x) = p(x)
@ Recursively for each n = N — 1, ...,0 use neural network V& (x) to learn V; (x)

More precisely: Recursively for each n=N —1,...,0 do:

Learn optimal parameter ©, for V(x) given already trained NN Vé"“(-) s.t.

B[V (X ) + £ Var (Xena )s Va Vit (X)) (Ens1 — ta) — VS (x) ]
e min B[V (Xe,.a) + F06 VI (X ) ViV (X)) (Enen — ) — u(x)]

Consequence: Foreach n=N—-1,...,0

V() = Val) = v(ta, )

Ariel Neufeld (NTU)

Deep Splitting Algorithm

® Define 'V (x) = v(T,x) = ¢(x)

=¥
@ Recursively for each n= N — 1,....0 learn optimal parameter 6, = oM by:
For eachm:=1, 2, ...

1. Simulate (for some &) paths for X =&+ [/ p(X,) du+ [ o(X,) dW,

using Euler-Maruyama approximation scheme, denoted by (X)")n—0,....n

2. Recursively for each n = N — 1, ...,0 learn optimal parameter ©, = oM
by (stochastic) gradient descent method:

oM — o™ _ 4. vy(a{m) (0, where

70 = IVari (X7a) + F O Var (X70), VaVeri? (47)) (s — ) — VA(A)P

Consequence: For M large enough, we have for each n=N —1,...,0

)
Vor () & ()

Ariel Neufeld (NTU)



Nonlinear Black-Scholes equation with default risks

@ Start with Black-Scholes model with interest rate r > 0

@ Include default risk for claim:

If default occurs, you only get fraction ¢ € [0, 1) of current value

@ model default by first time of Poisson process with intensity Q(-),

where Q(+) is decreasing function of the current value

@ Choose Q(-) piecewise linear with three regions with (u" < u', 4" > +/)

1

h i 7" ! !
Q(y) - 1(7x.u”)()/)/\/' +1[u/x)()/)/\ + 1[u”.u’)()/) {ﬁ (yf U7> +7 7:|
= price of claim is solution of semilinear PDE ([Bender et al., 2017])
) 52 d 2 92 .
Fev(t, x) — - V(t, x) T%i\x,\ Wv(nx}#»(l 0)Q(v(t, x))v(t,x) + rv(t,x) =0

v(T,x) = »(x)

Ariel Neufeld (NTU)

Information about our implementation

e multi-layered neural network with

- d-dimensional input layer
- Two (d + 10)-dimensional hidden layers

- 1-dimensional output layer

@ 10 independent runs of the Algorithm

@ Used TensorFlow on a NVIDIA GeForce GTX 1080 GPU with 1974 MHz
core clock and 8 GB GDDR5X memory with 1809.5 MHz clock rate, where
underlying system consists of Intel Core i7-6800K 3.4 GHz CPU with

64 GB DDR4-2133 memory

Ariel Neufeld (NTU)



® p(x) = minjcq1, gy Xi
e Calculated V?"(X)

@ approximate reference solution obtained by multilevel Picard method
[E, Hutzenthaler, Jentzen, Kruse, 2016]

d Mean Stdev Ref. value | rel. [T-error [ Stdev rel. error | avg. runtime
10 40.6553107 | 0.1000347132 | 40.7611353 | 0.0029624273 | 0.0019393471 | 858.3129092
50 37.421057 | 0.0339765334 | 37.5217732 | 0.0026842068 | 0.0009055151 975.3706101
100 36.3498646 | 0.027989905 | 36.4084035 | 0.0016078403 | 0.000768776 1481.5484843
200 35.374638 | 0.035236816 | 35.4127342 | 0.0012857962 | 0.0006625744 | 951.2294598
300 34.8476466 | 0.0225350305 | 34.8747946 | 0.0008818254 | 0.0004762554 | 953.3183895
500 | 34.2206181 | 0.0081072294 | 34.2357988 | 0.0004701552 | 0.0001701012 | 956.0106124
1000 | 33.4058827 | 0.0050161752 | 33.4358163 | 0.0008952555 | 0.000150024 | 1039.5774061
5000 | 31.7511529 | 0.0048508218 | 31.7906594 | 0.0012427078 | 0.0001525864 | 7229.6752827
10000 | 31.1215014 | 0.0031131196 | 31.1569116 | 0.0011365119 | 0.00009991746 | 23593.212019

Ariel Neufeld (NTU)

Open problem when training neural networks (NN)

@ Training of NN involves stochastic gradient descent (SGD): Recall

eEvarl) _ @f,’") PV V@(&m))(@g’")), but 0+— @’f{")(e) not convex!

Remark: for strong LP-convergence of SGD under convexity assumptions:

A. Jentzen, B. Kuckuck, A. Neufeld, P. von Wurstemberger:

Strong error analysis for stochastic gradient descent optimization algorithms
IMA Journal of Numerical Analysis, Vol. 41, No. 1, pp. 455-492, 2021

Ariel Neufeld (NTU)



Want to analyze non-convex stochastic optimization problem
minimize RY 50— u(9) :=E[U(H,X)] € R

o U: R x R™ — RY non-convex

@ X is R™-valued random variable.

Goal: Find Estimator 6 to (approx.) minimize E[u(@)]—)infd u(9)
[USIN

Focus on regularized optimization problem involving ReLU neural networks

H9H2(r+1)

minimize R? 3 6 — u(f) := E[(f(Z) _Na(l’e)(z))z] TN 2(r +1)

o f: R™ — R™ has polynomial growth
@og=RelLU, r>0 1n>0
e X =(f(2),Z2) is R™-valued random variable (m = m; + my)

Ariel Neufeld (NTU)

A priori difficulties:
o RY > 0~ u(#) non-convex
oRY >0 — Nél’e)(Z) not differentiable, due to ReLU

However:
@ If Z has a bounded density, then one can show that

RY 56— u(h) is continuously differentiable!
@ Dissipativity condition for h:= Vu:
Ja,b>0s.t. V9 e RY: (0, h(0)) > a0]|> — b
= J minimizer 0* € RY, i.e. u(0*) = infycpa u(f) (as u is coercive).
@ One-sided Lipschitz continuity of h

3L > 0: (0 —0',h(0) — h(0')) > —L||6— 0|2

Ariel Neufeld (NTU)



Langevin stochastic differential equation (h := Vu)

dSy = —h(S¢) dt + /2871 dW; (8 > 0 fixed parameter)

@ SDE admits unique invariant measure 7.
@ 13 concentrates around minimizers of u (see [Dalalyan])

Tamed unadjusted stochastic Langevin algorithm (TUSLA):

\E)

(A
A8 A3 A3 H(05", Xnt1)
=S R R VP

® (Xp)nen, i.i.d. copies of X defined in optimization problem (1)
® (&n)nen, 1.1.d. standard d-dim. Gaussian indep. of (X,)nen,-
o H:RY x R™ — RY such that Vu(f) =: h(0) = E[H(0, X)], 0 € RY

@ stepsize A > 0, inverse temperature parameter 5 > 0.

Ariel Neufeld (NTU)

o u(9) := E[(F(Z) - N&O(2))2] + el

(AB) _ p(AB) _ y HOD X1 (AB) _
° 0,1 = 0n )\1+\f||9 et V2N nt1, 057 = So, (TUSLA)

Theorem 1: Lim, N., Sabanis, Zhang
Let Z have a bounded density and let Z and Sy be sufficiently integrable.
Then there exist (explicit) C = C(r) > 0, Amax = Amax(r) > 0 such that
for every n € Ng, >0, 0 < XA < Apmax

E[u(08)] - Jinf u(f) < Cem "+ OOVt 4

Related results: Raginsky et al. (2017), Cheng et al. & Xu et al. (2018),
Chau et al. (2019), Lovas et al. (2020)...

Ariel Neufeld (NTU)



Idea of the proof of Theorem 1

oV3 >0 let S be d-dim. r.v. with E(Ség)) = g (invar. meas. of SDE)
o E[u(6)] — infg u(8) < E[u(6S)] — E[u(SL)] + E[u(SE))] — infy u(6)

Theorem 2: Lim, N., Sabanis, Zhang

Let Z have a bounded density and let Z and Sy be sufficiently integrable.
Then there exist (explicit) C = C(r) > 0, Amax = Amax(r) > 0 such that
for every n € Ng, >0, 0 < A < Amax

Wa(L(0$)), m5) < Ce= M 4 CAYA

® By using Theorem 2: E[u(6")] — E[u(S,)] < Ce~ A+ CAY-

Proposition 3: Lim, N., Sabanis, Zhang, see also [Raginsky et al.]

Let So (i.e.starting point of SDE) be sufficiently integrable.
Then there exist (explicit) C = C(r) > 0, s.t. for every 5 >0

E[u(SY)] - inf u(6) < §

PeRd :

Ariel Neufeld (NTU)

Summary & References

@ Introduced deep learning based algorithm for semilinear parabolic PDE
@ Idea is to use splitting up method and (lin.) Feynman-Kac Representation
e Discussed challenges of training neural networks

@ Introduced TUSLA algo for nonconvex optimization with ReLU NN

C. Beck, S. Becker, P. Cheridito, A. Jentzen, A. Neufeld:
Deep splitting method for parabolic PDEs
SIAM Journal on Scientific Computing, Vol. 43, No. 5, pp. A3135-A3154, 2021

D.-Y. Lim, A. Neufeld, S. Sabanis, Y. Zhang:
Non-asymptotic estimates for TUSLA algorithm for non-convex learning
with applications to neural networks with ReLU activation function
IMA Journal of Numerical Analysis, 2023

https://personal.ntu.edu.sg/ariel.neufeld/
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OPTIMAL TRANSPORT MAP ESTIMATION IN GENERAL FUNCTION SPACES

JONATHAN NILES-WEED

Classification AMS 2020: 62G05
Keywords: Optimal transportation, Brenier maps, empirical processes

We study the problem of estimating a function 7" given independent samples from a
distribution P and from the pushforward distribution 7; P. This setting is motivated by
applications in the sciences, where 7" represents the evolution of a physical system over
time, and in machine learning, where, for example, 7" may represent a transformation
learned by a deep neural network trained for a generative modeling task.

To ensure identifiability, we assume that 77 = V¢, is the gradient of a convex
function, in which case 7" is known as an optimal transport map. The estimation of such
maps was inaugurated by Hiitter and Rigollet [2]], and has been subsequently studied in
a number of works [2] (1], 3, |4, [5]. These works all study estimation of 7" under the
assumption that it lies in a Holder class, but general theory is lacking. We present a
unified methodology for obtaining rates of estimation of optimal transport maps in
general function spaces. Our assumptions are significantly weaker than those appearing
in the literature: we require only that the source measure P satisfy a Poincaré inequality
and that the optimal map be the gradient of a smooth convex function that lies in a
space whose metric entropy can be controlled. As a special case, we recover known
estimation rates for Holder transport maps, but also obtain nearly sharp results in many
settings not covered by prior work. For example, we provide the first statistical rates of
estimation when P is the normal distribution, between log-smooth and strongly
log-concave distributions, and when the transport map is given by an infinite-width
shallow neural network.
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[2] J.-C. Hiitter and P. Rigollet. Minimax estimation of smooth optimal transport maps. The Annals of
Statistics, 49(2):1166-1194, 2021.

[31 T. Manole, S. Balakrishnan, J. Niles-Weed, and L. Wasserman. Plugin estimation of smooth optimal
transport maps. arXiv preprint arXiv:2107.12364, 2021.
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[5] A.-A. Pooladian and J. Niles-Weed. Entropic estimation of optimal transport maps. arXiv preprint
arXiv:2109.12004, 2021.
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WHEN A SYSTEM OF REAL QUADRATIC EQUATIONS HAS A SOLUTION

MARK RUDELSON

Classification AMS 2020: Primary: 14P05. Secondary: 14Q30, 90C22.
Keywords: positive semidefinite relaxation, quadratic equations, algorithms

This talk is based on a joint paper with Alexander Barvinok [[1]. It discussed a problem
of providing a computationally efficient certificate for the existence of a real solution of a
system of m real quadratic equations with n variables. The question of feasibility of this
type of a system of equations systems appears in various computer science contexts, see,
for example, [2], [3].

If m and n are both allowed to grow, the problem becomes computationally hard.
Unless the computational complexity hierarchy collapses, no polynomial time algorithm
provides a necessary and sufficient condition for the existence of solutions of such a
system. In fact, testing the feasibility of an arbitrary system of real polynomial equations
can be easily reduced to testing the feasibility of a system quadratic ones. First, we
gradually reduce the degree of polynomials by repeatedly introducing new variables and
equations of the type &;; — ¢&; = 0, which allows us to replace the product ¢, of old
variables by a single new variable ¢;;, and hence eventually reduce a given polynomial
system to a system

¢i(x)=0 for i=1,...,m,
where ¢; are quadratic, not necessarily homogeneous, polynomials. Then we introduce
another, more delicate change of variables which is based on a semi-definite relaxation.

This semi-definite relaxation problem can be efficiently solved in polynomial time. It
allows to further reduce the system of general quadratic equations to a system

(0.1) gi(x) = (Qiz,z) = tr(Q;) for i=1,....,m,

where (); are n X n symmetric matrices and

<$7?J>=Z§z‘77i for z=(&,...,6) and y=(n,...,m)

is the standard inner product in R" and tr(A) denotes the trace of a matrix A.

We present computationally simple sufficient criterion for (0.I]), to have a solution.
First, note that any linear combination of the equations of the form has the same
form. Using this observation, we can choose the simplest set of matrices Q1,...,Qn
which generates the same system of equations. To this end, we introduce the standard
inner product of matrices

(A, B) = tr(A"B).
Then without loss of generality, we can assume that the matrices Q,...,Q,, form an

orthonormal system with respect to this product. Computing such an orthonormal system
is also efficient and can be done, for example, by the Gram-Schmidt procedure.



For an n x n real symmetric matrix (), we denote by |Q|,, the operator norm of @),
that is, the largest absolute value of an eigenvalue of Q).
Now, we can formulate the main result.

Theorem 0.1. There is an absolute constant n > 0 such that the following holds. Let

Q1,...,Qm, m > 3, be linearly independent n x n symmetric matrices. Suppose that
Sy <2
: m
=1 op

for some (equivalently, for any) orthonormal basis A, ..., A, of the linear subspace

spanned by Q)+, ..., Q.,,. Then the system of quadratic equations

(Qiz,x) = tr(Q;) for i=1,...,m

has a solution x € R"™.

We also show that while the choice of the basis A;,..., A, depends on the
orthogonalization procedure, the key quantity [|> ", A?HOp is independent of it.
Moreover, since this quantity is the largest eigenvalue of a positive definite matrix, it
can be computed efficiently.

To illustrate the applicability of Theorem 0.1, we show that if )y, .. ., (),, are symmetric
matrices with independent identically distributed entries, then with high probability, the
system is feasible provided that m < ¢,/n for some absolute constant ¢ > 0.

While the condition we obtain is of an algebraic nature, the proof relies on analytic
tools including Fourier analysis and measure concentration.
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APPROXIMATELY HADAMARD MATRICES
AND RIESZ BASES IN RANDOM FRAMES

MARK RUDELSON

Classification AMS 2020: 60B20.
Keywords: random frames, random matrices, Hadamard matrices.

This talk was based on a joint paper with Xiaoyu Dong [4]]. We considered a problem
which originated in signal processing. This problem was quickly reduced to a question
about sub-matrices of a random matrix. We showed that this probabilistic question can
be further reduced to a completely deterministic problem about the existence of
approximately Hadamard matrices. The solution of the last problem was achieved by a
combination of number theoretic and probabilistic tools, thus going back to the realm of

probability.
Let n < N be natural numbers. A set of vectors X,..., X € R" is called a frame if
N
0.1) K, N) 22 < 3 (2. X,) < RE (n, N) [«

j=1
for all z € R". Here R > 1 is called the frame constant, and K'(n, N) > 0 is some function
of n and N. The frame is considered to be good if its frame constant is relatively small.
The notation ||z||, stands for the Euclidean norm of the vector x = (z1,...,z,).

In the last 40 years, frame theory became a well-developed area of applied
mathematics, see [1]], [2], [3, and the references therein. A frame can intuitively be
regarded as overcomplete basis in R". Because of this property, frames became a
valuable tool in signal transmission. A signal which is viewed as an n-dimensional
vector can be encoded by the sequence of its inner products with the frame vectors. If
this sequence is transmitted over a communication line, then the original signal can be
reconstructed even if part of the coefficients is lost or corrupted in the process of
transmission. Moreover, this encoding is robust, which means that if the inner products
are evaluated with some noise, then the reconstructed version will be close to the
original one with the error depending on the noise magnitude.

One of the most popular classes of frames in algorithmic applications is the set of
random frames. Such frames became also the method of choice in compressed sensing
where one needs to reconstruct a low complexity signal from a small number of linear
measurements, see, e.g., [5]. For example, if complexity is measured as the size of the
support, and the support itself is unknown, the random frames provide robust recovery
with optimal or almost optimal theoretical guarantees.

We consider a problem when a random frame contains a copy, or many copies of a
“nice” basis. This problem can be conveniently translated to the language of random
matrices. Define the condition number of a matrix A as
max|q|,—1 [|Az]

K(A) = — )
minyg,-1 || Az,



With this notation, the frame property can be rewritten as x(A4, ) < C where
A, n is the n x N matrix with columns Xj, ..., Xy. Thus, the problem of existence of
a ‘nice” basis in a random frame can be recast as the question of existence of one or
many well-conditioned square n x n sub-matrices of an n x N random matrix A,, y with
i.i.d. entries. Our main result shows that the probability of finding such a sub-matrix
undergoes a phase transition when N is exponential in terms of n. Since the upper
and the lower bound hold under somewhat different assumptions, we formulate them
separately.

Denote by [N] the set {1,..., N}. Let A be an n x N matrix. If I C [N], denote by A;
the sub-matrix of A whose columns belong to I. The following theorem shows that if NV
is exponential in n, then with high probability, the n x N random matrix has many square
submatrices with uniformly bounded condition numbers. In the language of frames, it
means that a random frame with exponentially many vectors contains a large number of
bases whose frame constants are uniformly bounded.

Theorem 0.1. Let A be an n x N matrix with i.i.d. symmetric non-degenerate entries.
Then there exist constants ¢, C, «, 5 > 0 depending on the distribution of entries of A with
the following property.

Assume that N > exp(Cn). Then there exists L > exp(cn) such that

PP (exist disjoint subsets I,..., I, of [N] with |I;| = nand x(4;,) < a for all j € [L])
> 1 —exp (—exp(pn)).

The strategy of proving Theorem relies on finding columns of A which are close
to the columns of a certain deterministic n x n matrix V' having a bounded condition
number. The key to this strategy is a successful choice of the pattern matrix V. The
requirement that a column of A can be close to a column of V' with a non-negligible
probability forces us to look for a matrix V' which is a scaled copy of a matrix with +1
entries. Such matrices are known in some cases. For instance, the condition number of
any Hadamard matrix is one. An n x n matrix H is called Hadamard if n~'/?H is an
isometry. Hadamard matrices is a well-studied subject, and a number of constructions
of such matrices are available. Yet, the dimensions in which Hadamard matrices were
constructed are rare, so we have to use approximately Hadamard matrices instead.

The existence of an approximately Hadamard matrix in any dimension is established
in the next theorem.

Theorem 0.2. There exists a constant C' > 1 such that for any n € N, one can find ann xn
matrix V with +1 entries satisfying

k(V) < C.

The proof of Theorem [0.2|relies on Vinogradov’s theorem from analytic number theory
and combines number-theoretic and probabilistic ideas.

The conclusion of Theorem holds under minimal assumptions on the distribution
of entries. If we assume that the entries of the matrix are sub-gaussian, then the bound
of Theorem becomes sharp. Recall that a random variable X is called subgaussian

if there is a > 0 such that Eexp (f—;) < 2. Subgaussian random variables form a large
family containing many naturally arising ones, see, e.g. [5].



The next theorem shows that finding a submatrix with a bounded condition number
requires an exponential number of columns for matrices with subgaussian entries.

Theorem 0.3. Let X be a centered subgaussian random variable. Then there exist
C,c, ¢, ty > 0 with the following property. Let t > to, and assume that

N < exp (t%n) .

Let A be an n x N matrix whose entries are independent copies of X. Then
n2
P (31 C [N] |I| =nand k(A;) <t) <exp (_Ct_4> .
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The group testing problem concerns discovering a small number of defective items
within a large population by performing tests on pools of items. A test is positive if
the pool contains at least one defective, and negative if it contains no defectives. This
is a sparse inference problem with a combinatorial flavor, with applications in medical
testing, biology, multi-access communication, database systems, and more.

In this talk, I reviewed recent advances in the mathematics of group testing, including
both information-theoretic limits and performance bounds for practical algorithms, with
an emphasis on the following defining features:

e Non-adaptive testing (all tests must be designed in advance) vs. adaptive testing
(tests are designed sequentially based on previous outcomes)

e Noiseless testing (tests are perfectly reliable) vs. noisy tests (some test outcomes
are corrupted)

These two features lead to 4 distinct settings with varying degrees of difficulty. The
over-arching goal is to determine the smallest possible number of tests while
maintaining reliable recovery of the defective set. This question has been studied from a
wide variety of perspectives, including high-dimensional statistics, information theory,
discrete algorithms, combinatorics, error-correcting codes, and others.

The results that I surveyed in this talk are summarized as follows:

e The noisy adaptive setting has long been very well-understood, with a prominent
approach being Hwang’s adaptive binary splitting algorithm [9].

e The noiseless non-adaptive setting was extensively studied over the last decade or
so (by myself and others), eventually leading to exact information-theoretic limits
and a method for matching them in with an efficient algorithm [1},12} 2,10, 6} [7]].

e The noisy non-adaptive setting has had analogous developments and generally
lagged behind [4, (13} [14], but very recent works (including ours) works have
substantially closed these gaps [5), 18].

e The noisy adaptive setting was seemingly overlooked for a long time, and my
works showed that it can offer significant reductions in the number of tests
compared to non-adaptive methods [11 [15].

A detailed survey covering all of these settings can be found in [3].
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SAMPLING FROM CONVEX SETS WITH A COLD START
USING MULTISCALE DECOMPOSITIONS

HARIHARAN NARAYANAN, AMIT RAJARAMAN, AND PIYUSH SRIVASTAVA

ABSTRACT. A standard approach for sampling approximately uniformly from a convex
body K C R™ is to run a random walk within K. The requirement is that starting from
a suitable initial distribution, the random walk should “mix rapidly”, i.e., after a number
of steps that is polynomial in n and the aspect ratio R/r (here, K is assumed to contain
a ball of radius r and to be contained within a ball of radius R), the distribution of the
random walk should come close to the uniform distribution 7x on K. Different random
walks differ in aspects such as the ease of implementation of each step, or suitability for
a specific class of convex bodies. Therefore, the rapid mixing of a wide variety of random
walks on convex bodies has been studied.

Many proofs of rapid mixing of such random walks however require that the initial
distribution of the random walk is not too different from the target distribution 7x. In
particular, they require that the probability density function of the initial distribution
with respect to the uniform distribution 75 on K must be bounded above by poly(n):
this is called a warm start. Achieving such a warm start often requires a non-trivial
pre-processing step before the random walk can be started. This motivates the problem
of proving rapid mixing from “cold starts”, i.e., when the density of the initial distribution
with respect to 7x can be as high as exp(poly(n)). In contrast to warm starts, a cold start
is usually trivial to achieve. However, rapid mixing from a cold start may not hold for
every random walk, e.g., the well-known “ball walk” does not have rapid mixing from an
arbitrary cold start. On the other hand, for the “hit-and-run” random walk, Lovasz and
Vempala proved rapid mixing from a cold start. For the related coordinate hit-and-run
(CHR) random walk, which has been found to be promising in computational
experiments, a rapid mixing result starting from a warm start was proven only recently,
while the question of whether CHR mixes rapidly from a cold start remained open.

In this paper, we construct a family of Markov chains inspired by classical multiscale
decompositions of subsets of R™ into countably many axis-aligned cubes. We show that
even with a cold start, the mixing times of these chains are bounded by a polynomial
in n and the aspect ratio of the body. Our main technical ingredient is an isoperimetric
inequality for K for a metric that magnifies distances between points that are close to the
boundary of K. As a byproduct of the analysis of this new family of chains, we show that
the coordinate hit-and-run (CHR) random walk also mixes rapidly from a cold start, and
also from any point that is not too close to the boundary of the body.

Classification AMS 2020: 60J22, 68Q25
Keywords: Convex bodies, Markov chains, Isoperimetric inequalities.

A full version of the paper is available at arXiv:2211.04439. An extended abstract
appears in Proceedings of the 55th Annual ACM Symposium on Theory of Computing
(STOC), June 2023, pp. 117-130.
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We consider an unknown N x n data matrix A. Suppose we cannot observe A directly
but instead have access to a corrupted version A given by

g::A—i—E,

where F represents the noise matrix. A classical question is to estimate the leading
singular values and singular vectors (alternatively, eigenvalues and eigenvectors) of A
using A. This problem is crucial across various fields including engineering, statistics,
machine learning, computer science, and mathematics. Generally, it is assumed that A is
not arbitrary but exhibits specific structural characteristics, such as low-rank, which is a
common assumption in numerous applications.

Assume that A has rank » > 1. The singular value decomposition (SVD) of A takes the

form A = UXVT where ¥ = diag(oy, . .., 0,) is a diagonal matrix containing the non-zero
singular values oy > 0y > -+ > 0, > 0 of A; the columns of the matrices U = (uy, ..., u,)
and V = (vy,...,v,) are the orthonormal left and right singular vectors of A, respectively.

In other words, u; and v; are the left and right singular vectors corresponding to o;. It
follows that UTU = VIV = I, where I, is the r x r identity matrix. For convenience
we will take o,,;, = 0 for all i« > 1. Denote the SVD of A similarly by A=U ENHN/T, where
the diagonal entries of 3 are the singular values o, > g2 > -+ > Omin{n,ny > 0, and the
columns of U and V are the orthonormal left and right singular vectors, denoted by @;
and v;, respectively.

The famous Davis—-Kahan bound addresses this question for the eigenvectors of
deterministic real symmetric matrices. An analogous version for the singular vectors of
non-square matrices was established by Wedin. The key parameters in this bound are
the gap (or separation) §; between the largest singular values of A given by

01 := 01 — 0, and the spectral norm of £ defined by || E|| := max),=1 || Eu||, where ||ul||
denotes the Euclidean norm of the vector u. The classical Wedin’s bound gives
1E]

sin Z(ul, ﬂl) < C—,
01
where /(uy,u;) is the acute angle between u; and u; taken in [0,7/2] and C' > 0 is an
absolute constant. The same bound holds for sin Z(vq, v7).
For the case when F is a random matrix, an earlier paper by O’'Rourke, Vu and myself
[1] proved a version of bounds of the form

ri/e LB NEN
51 01 0'151 ’

(0.1) sin Z(uy,uy) S



which holds with high probability. Here, o > 0 is a parameter that depends on the
distribution of the random matrix £. When the rank r of A is sufficiently small compared
to the dimensions and o4, §; are sufficiently large, this bound improves upon the bound
in Wedin’s theorem. The first term on the right-hand side of was conjectured as
a consequence of the true dimension being actually . The second term represents the
signal-to-noise ratio. However, the third term on the right-hand side of appears
unnatural and unnecessary. By a completely different method, which uses tools from
random matrix theory, in a recent joint work with O’'Rourke and Vu [2], we removed the
third term from (0.1)) when the entries of £ are independent and identically distributed
(i.i.d.) copies of a standard normal random variable. In particular, we obtained that with

high probability
VgV | B
~ 51 01
My talk is concerned with the most recent progress in this direction of research. In [3],
we have enhanced the r-dependence in the bounds obtained from our previous work [2]
and have eased some technical assumptions. For instance, for the largest singular vector,
we have obtained that

sin é(ul, ’171)

< V7 + log(N +n) N | E|

~ 01 o1

Furthermore, we have presented a comprehensive extension of the Davis-Kahan-Wedin
sin © theorem. This extension applies to any unitarily invariant norm and operates
under the assumption that £ contains i.i.d. standard normal entries. Moreover, we have
derived precise /., bounds for the perturbed singular vectors and the ¢, ., bounds for
the perturbed singular subspaces of A + E. Beyond these specific bounds, we have also
established results pertaining to the generalized components - also known as linear and
bilinear forms - of the perturbed singular vectors and singular subspaces. We further
investigate the ¢, ., bounds on the perturbed singular vectors, taking into account the
weighting by their respective singular values. These fine-grained analysis is motivated
by the substantial impact and wide-ranging applications these analyses offer in statistics
and machine learning.

sin Z(uy, uy)
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